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▷ Instructor: Dr.Yu Hao

▷ Email: haoyu@hku.hk

▷ Office: KK927

▷ Consultation times: Monday 10:00am – 11:00am

▷ Tutor: Ms. Karen Mai

▷ Email: maixt@hku.hk

▷ Consultation times: Thursday, TBA
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▷ This course studies how practical problems can be solved by
applying econometric methods.

▷ The emphasis is on the application of econometric methods to
the analysis of real world economic data using R.

▷ Topics include multilinear regressions, limited dependent
variable, panel data, experiments and quasi-experiments,
instrumental variables, time series and forecasting, and basics of
machine learning.

▷ Pre-requisites:

⋄ Solid knowledge of statistics
⋄ Introductory level econometric methods
⋄ Linear algebra
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▷ Students are encouraged to check out student resources the
publisher provides on Moodle.

▷ Lecture slides will be posted on the course website.

▷ Additional handouts will be distributed when needed to
supplement the textbook.
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Main textbook:

▷ Stock, James and Mark Watson (2018), Introduction to
Econometrics, Global Edition, 4th ed., Pearson. (It is perfectly
fine if you use the 3rd edition of this textbook.)

▷ Hanck, Christoph, Martin Arnold, Alexander Gerber, and Martin
Schmelzer. ”Introduction to Econometrics with R.” University of
Duisburg-Essen (2019).

Supplementary textbook:

▷ Jeffrey Wooldridge , Introductory Econometrics: A Modern
Approach, Ohio : South-Western Cengage Learning.

▷ Bruce E. Hansen(2021) , Introduction to Econometrics.

▷ Cunningham, Scott. ”Causal Inference.” The Mixtape 1 (2020).

▷ Sheppard, Kevin. ”Introduction to Python for econometrics,
statistics and data analysis.” Self-published, University of
Oxford, version 2 (2012).
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▷ 6 Assignments in total, distributed every Saturday

⋄ Group work with group of maximum 5 students
⋄ Graded based on the best 5 assignments
⋄ Need to submit coding exercises, R notebook is recommended.

(Karen will help with setting up)

▷ Midterm on September 18th.

▷ Final (time and venue TBA)
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▷ Week 1

⋄ Introduction: Evidence and Policy

⋄ Causality and Validity Probability and Statistical Theory Review
(SW Ch. 2 -3)

⋄ Introduction to Programming Language

▷ Week 2

⋄ Bivariate Regression (SW Ch. 4 – 5)

⋄ Multivariate Regression I & II (SW Ch. 6 - 7)

▷ Week 3

⋄ Nonlinear Regression models: Quadratic and Logarithms (SW,
Ch. 8)

⋄ Threats to (Internal / External) Validity (SW, Ch. 9)

⋄ Midterm
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▷ Week 4

⋄ Regressions with binary dependent variables (SW, Ch. 11)

⋄ Regressions with panel data (SW Ch. 10; Wooldridge Ch.13-14)

▷ Week 5

⋄ Instrumental variables methods (SW, Ch. 12; Wooldridge, Ch.
15)

⋄ Experiments and Quasi-Experiments (Chapter 13)

▷ Week 6

⋄ Times series regressions and forecasting (SW, Ch. 14)

⋄ Machine Learning (material will be distributed by instructors.)
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Review of Probability 1

Jasmine(Yu) Hao

Faculty of Business and Economics
Hong Kong University

September 1, 2021

1This section is based on Stock and Watson (2020), Chapter 2.
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Probabilities and Outcomes

▷ An outcomes is a specific result:

⋄ Coin toss: either H or T .
⋄ Roll of dice: 1, 2 . . . , 6.

▷ The probability of an outcome is the proportion of the time
that the outcome occurs in the long run.

⋄ Fair coin toss: 50 % chance of heads.

▷ The sample space is the set of all possible outcomes.

⋄ In a coin flip the sample space is S = {H,T}.
⋄ If two coins are flipped the sample space is

S = {HH,HT ,TH,TT}.
▷ An event is a subset of the sample space.

⋄ Roll a die A = {1, 2}.
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Probability Function

Definition 1 (Probability Function)
A function P which assigns a numerical value to events is called a
probability function if it satisfies the following Axioms of Probability:

1. P(A) ≥ 0.

2. P(S) = 1.

3. If A1,A2, . . . are disjoint then P| ∪N
j=1 Aj | =

∑N
j=1P(Aj).
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Conditional Probability

Definition 2 (Conditional Probability)
If P(B) > 0, then the conditional probability of A given B is given
by

P(A|B) = P(A ∩ B)

P(B)
.

P(B) is the marginal probability of event B.

P(B) = P(A ∩ B) +P(Ac ∩ B).
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Joint Events

Take two events H and M.

▷ let be H the event that an individual’s monthly wage exceeds
HKD 20000,

▷ let M be the event that the individual has a master’s degree.

Table: Joint Distribution

Master degree Non-master degree Any education
High wage 0.19 0.12 0.31
Low wage 0.17 0.52 0.69
Any wage 0.36 0.64 1.00
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Conditional Probability - Example

The probability of earning a high wage conditional on high education
is

P(High wage|Master degree)

=
P(High wage ∩Master degree)

P(High wage ∩Master degree) +P(Low wage ∩Master degree)

=
0.19

0.36
= 0.53.

Similarly, the probability of earning a high wage conditional on
non-master degree is
P(High wage|Non-master degree) = 0.12

0.64 = 0.19.
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Independence

▷ The events A and B are independent if P(A ∩ B) = P(A)P(B)
Some facts:

▷ When events are independent then joint probabilities can be
calculated by multiplying individual probabilities.

▷ If A and B are disjoint then they cannot be independent.
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Bayes Rule

Theorem 3 (Bayes Rule)
If P(A) > 0 and P(B) > 0 then

P(A|B) = P(B|A)P(A)
P(B|A)P(A) +P(B|Ac)P(Ac)

.
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Bayes Rule-Example I

Consider the PCR test for Covid-19:

▷ If actual infected: 0.9 positive, 0.1 negative.

▷ If not infected: 0.05 positive, 0.95 negative.

▷ 1 % population is infected.

What is the chance of being infected given the test is positive?
Let A denote being infected, let B denote test result positive.

▷ P(B|A) = 0.9, P(B|Ac) = 0.05, P(A) = 0.01.

▷ P(A|B) = P(B|A)P(A)
P(B|A)P(A)+P(B|Ac )P(Ac ) =

0.9∗0.01
0.9∗0.01+0.05∗0.99 ≈ 0.1538.

What is the chance of not infected given the test is negative?

▷ P(Ac |Bc) = P(Bc |Ac )P(Ac )
P(Bc |A)P(A)+P(Bc |Ac )P(Ac ) =

0.95∗0.99
0.1∗0.01+0.95∗0.99 ≈

0.9989.
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Random Variables

Definition 4 (Random variable)
A random variable is a real-valued outcome; a function from the
sample space S to the real line R.

For example, X is a mapping from the coin flip sample space to the
real line, with T mapped to 0 and H mapped to 1.

X =

{
1 if H

0 if T.

Properties of random variables.

▷ The expected value is the long-run average of the random
variable.

▷ The standard deviation measures the spread of a probability
distribution.
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Discrete Random Variables

▷ The set X is discrete if it has a finite or countably infinite
number of elements.

▷ If there is a discrete set X such that P(X ∈ X ) = 1 then X is a
discrete random variable.

▷ The probability mass function of a random variable is
π(x) = P(X = x), the probability that X equals the value x .

▷ The probability distribution of a discrete random variable is
the list of all possible values of the variable and the probability
that each value will occur.
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Expectation

For a dsicrete variable X with the support of X , the expctation is
computed as

E(X ) =
∑
x∈X

π(x)x .

▷ X = 1 with the probability of p and X = 0 with probability
1− p. The expected value is E(X ) = 1 ∗ p + 0 ∗ (1− p) = p.

The expectation of the function of X , g(X ) is computed as

E(g(X )) =
∑
x∈X

π(x)g(x).
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Cumulative distribution function

The cumulative probability distribution(CDF ) is the probability
that the random variable is less than or equal to a particular value,

F (x) = P(X ≤ x),

where the probability event is X ≤ x .
Properties of a CDF If F (x) is a distribution function, then

1. F (x) is non-decreasing.

2. limx→−∞ F (x) = 0.

3. limx→∞ F (x) = 1.

4. F (x) is right-continuous, limx↓x0 F (x) = F (x0).

13 / 47



Probability

Hao

Probability

Events

Joint Events

Conditional and
marginal probability

Random Variables

Discrete RVs

Continuous RVs

Moments

Multivariate
Distributions

Marginal and
conditional
distributions

Independence

Conditional
Expectation

Normal and
related
distributions

Sampling

Large-Sample
Approximations
to Sampling
Distributions

References

Example-Probability mass function

Some examples for discrete variables.

▷ For a fair dice toss, the support is X = {1, 2 . . . , 6} with the
probability mass function is π(x) = 1

6 for x ∈ X .

▷ An example of infinite countable random variable is the Poisson
distribution, the probability mass function is

π(x) = e−1

x! , x = 0, 1, . . ..
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Example-Probability function

Some examples for discrete variables.

▷ For a fair dice toss, the support is X = {1, 2 . . . , 6} with the
probability mass function is π(x) = 1

6 for x ∈ X .

▷ An example of infinite countable random variable is the Poisson
distribution, the probability mass function is

π(x) = e−1

x! , x = 0, 1, . . ..
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Continuous Random Variables

▷ The probability density function(p.d .f ) area under the
probability density function between any two points is the
probability that the random variable falls between those two
points.

⋄ the probability for a continous variable to take any value is 0.
⋄ definition is different from discrete random variables.

▷ When F (x) is differentiable, the density function is f (x) = dF (x)
dx .

Theorem 5 (Properties of density function)
A function f (x) is a density function if and only if

▷ f (x) ≥ 0∀x.
▷
∫∞
0

f (x)dx = 1.
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Example - Continuous Variables

▷ Uniform distribution. The CDF is

F (x) =


0 if x < 0

x if 0 ≤ x ≤ 1

1 if x > 1

. The PDF is

f (x) =

{
1 if 0 ≤ x ≤ 1

0 elsewhere
.

▷ Exponential distribution. The CDF is

F (x) =

{
0 if x < 0

1− exp(−x) ifx ≥ 0
. The PDF is

f (x) = exp(−x), x ≥ 0.
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Expectation

If X is a continuous random variable with the density function f (x),
its expectation is defined as

E(X ) =

∫ ∞

−∞
xf (x)dx

when the integral is convergent.
The expectation of the function of X , g(X ) is computed as

E(g(X )) =
∑
x∈X

∫ ∞

−∞
g(x)f (x)dx .

Some examples:

▷ f (x) = 1 if 0 ≤ x ≤ 1, E(X ) =
∫ 1

0
xf (x) = 0.5.

▷ f (x) = exp(−x) if x ≥ 0,
E(X ) =

∫∞
0

x exp(−x)dx = 1(integration by part).
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Mean, variance and Higher Moment

Suppose X is a random variable(either discrete or continous).

▷ The mean of X is µ = E(X ).

▷ The variance of X is σ2 = var(X ) = E((X −E(X ))2).

⋄ The standard deviation of X is the positive root of the
variance, σ =

√
σ2.

▷ The m − th moment of X is µ′
m = E(Xm) and the m − th

central moment of X is µm = E((X −E(X ))m).

⋄ The skewness of X is defined as skewness = E((X−E(X ))3)

σ3 . If the
distribution is symmetric, the skewness is 0.

⋄ The kurtosis of X is defined as skewness = E((X−E(X ))4)

σ4 .
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Bivariate random variables
A pair of bivariate random variables is a pair of numerical
outcomes; a function from the sample space to R2.
A pair of bivariate random variables are typically represented by a
pair of uppercase Latin characters such as (X ,Y ). Specific values
will be written by a pair of lower case characters, e.g. (x , y).

Figure: Tossing two coins
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Joint distribution functions

The joint distribution function(Joint CDF) of (X ,Y ) is defined as
F (x , y) = P(X ≤ x ,Y ≤ y) = P({X ≤ x} ∩ {Y ≤ y}).

▷ A pair of random variables is discrete if there is a discrete set
(P) ∈ R2 such that P((X ,Y ) ∈ P) = 1.

⋄ The set P is the support of (X ,Y ) and consists of a set of
points in R2.

⋄ The joint probability mass function is defined as
p(x , y) = P(X = x ,Y = y).

▷ The pair (X ,Y ) has a continuous distribution if the joint
distribution function F (x , y) is continuous in (x , y).

⋄ When F (x , y) is continuous and differentiable its joint density

(joint PDF) f (x , y) equals f (x , y) = ∂2F (x,y)
∂x∂y

.
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Bivariate expectation

The expected value of real-valued g(X ,Y ) is

E(g(X ,Y )) =
∑

(x,y)∈R2,π(x,y)>0

g(x , y)π(x , y),

and

E(g(X ,Y )) =

∫ ∞

−∞

∫ ∞

−∞
g(x , y)f (x , y)dxdy .
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Marginal distribution

The marginal distribution(marginal CDF) of X is

FX (x) = P(X ≤ x) = P(X ≤ x ,Y ≤ ∞) = lim
y→∞

F (x , y).

▷ In the continuous case,

FX (x) = lim
y→∞

∫ y

−∞

∫ x

−∞
f (u, v)dudv =

∫ ∞

−∞

∫ x

−∞
f (u, v)dudv .

The marginal densities(marginal PDF) of X is the derivative of
the marginal CDF of X ,

fX (x) =
d

dx
FX (x) =

d

dx

∫ ∞

−∞

∫ x

−∞
f (u, v)dudv =

∫ ∞

−∞
f (x , y)dy .
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Conditional distributions I

The conditional cumulative distributions:

▷ The conditional distribution function of Y given X = x is

FY |X (y |x) = P(Y ≤ y |X = x)

for any x such that P(X = x) > 0 , If X has a discrete
distribution.

▷ For continous X ,Y , the conditional distribution of Y given
X = x is

FY |X (y |x) = lim
ϵ↓0
P(Y ≤ y |x − ϵ ≤ X ≤ x + ϵ).

The conditional density:

▷ For continous variable (X ,Y ), the conditional density function
(conditional PDF) is defined by fY |X (y |x) = d

dy FY |X (y |x).
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Independence I

▷ Recall that two events A and B are independent if the
probability that they both occur equals the product of their
probabilities, thus P(A ∩ B) = P(A)P(B).

▷ Consider the events A = {X ≤ x} and B = {Y ≤ y}.
▷ The probability that they both occur is
P(A ∩ B) = P(X ≤ x ,Y ≤ y) = F (x , y).

▷ If F (x , y) = FX (x)FY (y) then P(A ∩ B) = P(A)P(B).

▷ The random variables X and Y are statistically independent if
for all x , y , F (x , y) = FX (x)FY (y).

▷ If X ,Y have differentiable density function, X ,Y are statistically
independent if f (x , y) = fX (x)fY (y).

▷ The discrete random variables X and Y are statistically
independent if for all x , y , π(x , y) = πX (x)πY (y).
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Independence II

▷ If X ,Y are independent and continuously distributed, then

fY |X (y |x) = f (y),

fX |Y (x |y) = f (x).

▷ If X and Y are independent then for any functions, g : R→ R

and h : R→ R such that E|g(X )| < ∞ and E|h(Y )| < ∞, then

E(g(X )h(Y )) = EX (g(X ))EY (h(Y )).
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Covariance and correlation I

▷ If X and Y have finite variances, the covariance between X and
Y is

cov(X ,Y ) = E(X−E(X ))(Y −E(Y ))) = E(XY )−E(X )E(Y ).

▷ The correlation between X and Y is

corr(X ,Y ) =
cov(X ,Y )√
var(X )var(Y )

.
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Covariance and correlation II

▷ If X and Y are independent with finite variances, then X and Y
are uncorrelated.

⋄ The reverse is not true. For example, suppose that
X ∼ U[−1, 1]. Since it is symmetrically distributed about 0 we
see that E[X ] = 0 and E[X 3] = 0. Set Y = X 2. Then
cov(X ,Y ) = E[X 3]−E[X 2]E[X ] = 0. Thus X and Y are
uncorrelated yet are fully dependent!

▷ If X and Y have finite variances,
var(X + Y ) = var(X ) + var(Y ) + 2cov(X ,Y ).

▷ If X and Y are independent, var(X + Y ) = var(X ) + var(Y ).
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Conditional Expectation

Just as the expectation is the central tendency of a distribution, the
conditional expectation is the central tendency of a conditional
distribution.
The conditional expectation(conditional mean) of Y given X = x
is the expected value of the conditional distribution FY |X (y |x) and is
written as E(Y |X = x).

▷ For discrete random variables, it is defined as

E(Y |X = x) =

∑
y yπ(x , y)

πX (x)
.

▷ For continuous random variables, it is defined as

E[Y |X = x ] =

∫
y
yf (x , y)

fX (x)
.
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Law of Iterated Expectations I

▷ Consider m(X ) = E[Y |X ] a transformation of X .

▷ We can take expectation with respect to m(X )

Theorem 6 (Law of Iterated Expectations(LIE))
If E[Y ] < ∞, then E[E[Y |X ]] = E[Y ].
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Univariate Normal

Definition 7 (Standard Normal Dist.)
A random variable Z has the standard normal distribution, write
Z ∼ N(0, 1), if it has the density

ϕ(x) =
1√
2π

exp(−x2

2
), x ∈ R.

Note the standard normal density is typically written as ϕ(x). The
CDF does not have closed form but is written as Φ(x).
If X ∼ N(µ, σ2) and σ > 0 then X has the density

f (x |µ, σ2) =
1√
2πσ

exp(− (x − µ)2

2σ2
), x ∈ R.
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Multivariate Normal I

Let Z1, . . . ,Zm be i.i.d N(0, 1). The joint density is the product of
the marginal densities:

f (x1, . . . , xm) = f (x1) . . . f (xm)

=
1

(2π)m/2
exp

(
−1

2

m∑
i=1

x2i

)
.
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Multivariate Normal II

Let Z = [Z1, . . . ,Zm]
⊤ be an m-component random vector following

standard normal distribution Z ∼ N(0, Im) and X = µ+ BZ for
q ×m matrix B, then X has the multivariate normal distribution,
written as X ∼ N(µ,Σ), where Σ = BB⊤.
The PDF of X is given by

f (x) =
1

(2π)q/2(detΣ)1/2
exp

(
− (x − µ)⊤Σ−1(x − µ)

2

)
.
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Multivariate Normal III

Properties of multivariate normal distributions.

1. Any linear combination of X1, . . . ,Xm is normally distributed.

2. The marginal distribution of each random variable is normal.

3. If the covariance of X1 and X2 is 0, then X1 and X2 are
independent. The reverse is true.

4. If X1 and X2 are normally distributed with the joint density of
f (x1, x2), then the marginal expectation of X1 given X2 is a
linear function of X2: E[X1|X2 = x2] = a+ bx2.
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χ-squared, t and F distribution

▷ The chi-squared distribution is the distribution of the sum of
m squared independent standard normal distributed variables.

▷ Let Z ∼ N(0, Im) be multivariate standard normal, then
Z⊤Z ∼ χ2

m.

▷ If X ∼ N(0,Σ) with Σ positive definite, then X⊤Σ−1X ∼ χ2
m.

▷ Let Qm ∼ χ2
m and Qr ∼ χ2

r be independent. Then Qm/m
Qr/r

∼ Fm,r .

▷ Let Z ∼ N(0, 1) and Qm ∼ χ2
m be independent, then Z√

Qm/m

follows the t-distribution with m degree of freedom, tm.
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Sampling I

Almost all the statistical and econometric procedures used in this
text involve averages or weighted averages of a sample of data.

▷ Characterizing the distributions of sample averages.

▷ The act of random sampling is a random variable, its
distribution is sampling distribution.
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Sampling II

1. Simple random sampling. e.g. A commuting student record
daily traffic time.

2. i.i.d. draws. e.g. Y1, . . . ,Yn are randomly drawn from the same
population.
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i.i.d I

Definition 8 (independent and identically distributed(i.i.d))
The collection of random vectors {X1, . . . ,Xn} are independent and
identically distributed(i.i.d) if they are mutually independent with
identical marginal distributions.

▷ A collection of random vectors {X1, . . . ,Xn} is a random
sample from the population F if Xi are i.i.d with distribution F .

▷ The distribution F is called the population distribution. We
refer to the distribution as the data generating process(DGP).

▷ The sample size n is the number of individuals in the sample.
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i.i.d II

Figure: Sampling and Inference
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There are two approaches to characterizing sampling distributions:

1. the exact approach derives: the exact distribution or
finite-sample distribution of Y .

2. the approximate approach uses approximations to the
sampling distribution that rely on the sample size being large,
often called the asymptotic distribution.
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Two useful tools when the sample size is large: the law of large
numbers and the central limit theorem.

▷ The law of large numbers says that when the sample size is
large, Ȳ will be close to µY with very high probability.

▷ The central limit theorem says that when the sample size is
large, the sampling distribution of the standardized sample
average, (Ȳ − µY )/σȲ , is approximately normal.
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▷ The sample average, Ȳ , varies from one randomly chosen
sample to the next and thus is a random variable with a
sampling distribution. If Y1, . . . ,Yn are i.i.d., then

▷ the sampling distribution of Y has mean µY and variance
σ2
Ȳ
= σ2

Y /n.

▷ the law of large numbers says that Ȳ converges in probability to
µY ; and

▷ the central limit theorem says that the standardized version of
Ȳ , (Ȳ − µY )/σȲ , has a standard normal distribution N(0, 1)
distribution. when n is large.
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Convergence

▷ A sequence of random variables Zn ∈ R converges in
probability to c as n → ∞, denoted by Zn →p c or
plimn→∞Zn = c , if for all δ > 0,

lim
n→∞

P(|Zn − c | ≤ δ) = 1.
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Law of Large Numbers I

Theorem 9 (Weak Law of Large Numbers(WLLN))
If Xi are i.i.d. and E(X ) < ∞, then as n → ∞,

X̄n =
1

n

n∑
i=1

Xi →p E(X ).

An estimator θ̂ of a parameter θ is consistent if θ̂ →p θ as n → ∞.
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Continuous Mapping Theorem

Theorem 10 (Continuous Mapping Theorem)
If Zn →p c as n → ∞ and h(·) is continuous at c then
h(Zn) →p h(c) as n → ∞.
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Central Limit Theorem I

Theorem 11 (Central Limit Theorem(CLT))
If Xi are i.i.d. and E(X 2) < ∞ then as n → ∞

√
n(X̄n − µ) →d N(0, σ2),

where µ = E(X ) and σ2 = E[(X − µ)2].
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Slutsky’s Theorem I

Theorem 12 (Slutsky’s Theorem)
If Zn →d Z and cn →p c as n → ∞, then

1. Zn + cn →d Z + c

2. Zncn →d Zc

3. Zn

cn
→d

Z
c if c ̸= 0.
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Estimators

Suppose you want to understand the distribution of X in the
population.

. When a statistic θ̂ = θ̂(X1, . . . ,Xn) is a function of an i.i.d.
sample, then the distribution is determined by the population
distribution is F and the sample size is n.

. We call the distribution of θ̂ the sample distribution.

The goal of an estimator θ̂ is to learn about the parameter θ, we
evaluate the

. The exact bias and variance.

. The distribution under normality.

. The asymptotic distribution as n→∞.

2 / 37



Statistics

Hao

Estimators

BLUE

Estimation of Sample
Mean

Hypothesis
Testing

Hypothesis

Type I and Type II
error

Statistical
Significance

Confidence
Interval

Example of
Hypothesis Testing

t-distribution

References

Goodness of Estimators

Let θ̂ be an estimator of θ. Then

. The bias of bias(θ̂) is E [θ̂]− θ.

� We say an estimator is unbiased if the bias is 0.

. The mean squared error of an estimator θ̂ for θ is

mse(θ̂) = E[(θ̂ − θ)2].

� The mean squared error is mse(θ̂) = var(θ̂) + (bias(θ̂))2.
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Best Unbiased Estimator

Definition 1 (Best Linear Unbiased Estimator (BLUE))
If σ2 <∞ the sample mean X̄n has the lowest variance among all
linear unbiased estimators of µ.
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Bias, consistency, and efficiency

. Suppose Y1, . . . ,Yn are i.i.d.

. Denote an estimator for µY as µ̂Y .

. The bias of µ̂Y is E (µ̂Y )− µY .

. µ̂Y is an unbiased estimator of µ̂Y if E (µ̂Y ) = µY .

. µ̂Y is an consistent estimator of µ̂Y if µ̂Y →p µY .

. Let µ̃Y denote another estimator for µY , and suppose both µ̄Y

and µ̃Y are consistent. Then µ̂Y is more efficient if
var(µ̂Y ) < var(µ̃Y ).

5 / 37



Statistics

Hao

Estimators

BLUE

Estimation of Sample
Mean

Hypothesis
Testing

Hypothesis

Type I and Type II
error

Statistical
Significance

Confidence
Interval

Example of
Hypothesis Testing

t-distribution

References

Properties

. E (Ȳ ) = µY , so Ȳ is an unbiased estimator of µY .

. the law of large numbers states that Ȳ →p µY , Ȳ is consistent.

. Consider Ỹ = 1
n ( 1

2Y1 + 3
2Y2 + . . .), then

var(Ỹ ) = 1.25σ2
Y /n > var(Ȳ ) = σ2

Y /n. Ȳ is more efficient than

Ỹ .

. Ȳ is the Best Linear Unbiased Estimator for µY .
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Hypothesis

. A point hypothesis is the statement that θ equals a specific
value θ0.

. A common example is θ measures the effect the proposed policy.
A typical question is whether θ = θ0.

. The null hypothesis, written as H0 : θ = θ0.

. The alternative hypothesis, written as HA : θ 6= θ0, is the set
{θ ∈ Θ : θ 6= θ0}.
� One-sided hypothesis: HA : θ > θ0.
� Two-sided hypothesis: HA : θ 6= θ0.
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Acceptance and Rejection

. A hypothesis test is a decision based on data. We can either fail
to reject the null hypothesis or reject the null hypothesis.

. An alternative way to express a decision rule is to construct a
real-valued function of the data called a test statistics

T = T (X1, . . . ,Xn)

together with a critical region C .

. A hypothesis can be expressed as

� Fail to reject H0 if T ∈ C .
� Reject H0 if T 6∈ C .

Note: ”Accept” H0 does not mean H0 is true.
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Example - Hypothesis Testing I

Consider the following examples:

. 2n adults who were raised in similar settings, n attended early
childhood education. Let W̄1 be the average wage in the early
childhood education group, and let W̄2 be the average wage in
the remaining sample. Null hypothesis H0 : W̄1 > W̄2.

. You ride each bus once and record the time it takes to travel
from home to the university. Let X1 and X2 be the two recorded
travel times. You adopt the following decision rule: If the
absolute difference in travel times is greater than B minutes you
will reject the hypothesis that the average travel times are the
same, otherwise you will accept the hypothesis.
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Example - Hypothesis Testing II
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Type I and Type II error

. A false rejection of the null hypothesis is a Type I error.

. A false acceptance of the alternative hypothesis is a Type II
error.

Accept H0 Reject H0

H0 true Correct Decision Type I Error
H1 true Type II Error Correct Decision
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P-value I

. the sample average Ȳ will rarely be exactly equal to the
hypothesized value µY ,0.

. Differences between Ȳ and µY ,0 can arise because

� the true mean is not µY ,0 (the null hypothesis is false) or

� the true mean equals µY ,0 (the null hypothesis is true) but Ȳ
differs from µY ,0 because of random sampling.

. impossible to distinguish between these two possibilities with
certainty.
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P-value II

With a sample of data

. cannot conclude if H0 Is true.

. can do probabilistic calculation that permits testing the null
hypothesis in a way that accounts for sampling uncertainty.

. How?compute the p-value of the null hypothesis.
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P-value III

. The p-value, also called the significance probability, is the
probability of drawing a statistic at least as adverse to the
null hypothesis as the one you actually computed in your
sample, assuming the null hypothesis is correct.

. In the case at hand, the p-value is the probability of drawing Ȳ
at least as far in the tails of its distribution under the null
hypothesis as the sample average you actually computed.

. p − value = Pr(|Ȳ − µY ,0| > |Ȳ act − µY ,0|)

14 / 37



Statistics

Hao

Estimators

BLUE

Estimation of Sample
Mean

Hypothesis
Testing

Hypothesis

Type I and Type II
error

Statistical
Significance

Confidence
Interval

Example of
Hypothesis Testing

t-distribution

References

Example I

In a sample of recent college graduates, the average wage is $22.64.
The p-value is the probability of observing a value of Y at least as
different from $20 (the population mean under the null hypothesis)
as the observed value of $22.64 by pure random sampling variation,
assuming that the null hypothesis is true.

. If this p-value is small (say, 0.1%), unlikely that this sample
drawn if the null hypothesis is true;

� reasonable to conclude that the null hypothesis is not true.

. if this p-value is large (say, 40%), likely that the observed sample
average of $22.64 could have arisen just by random sampling
variation if the null hypothesis is true;

� the evidence against the null hypothesis is weak in this
probabilistic sense,(fail to reject)
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Computing p-value

The p-value is the area in the tails of the distribution of Ȳ under the
null hypothesis beyond µY ,0 ± |Ȳ act − µY ,0|.
. To compute the p-value, need to know the shape of the

distribution.

. With CLT, the sampling distribution of Ȳ is well approximated
by a normal distribution

When σY is known, then we can compute the p-value

. Recall: By CLT, (Ȳ − µY )/
√
σȲ →d N(0, 1), then√

n(Ȳ − µY )→d N(0, σ2
Y ).

. Under the null hypothesis,

p − value = Pr(
∣∣∣ Ȳ−µY ,0

σȲ

∣∣∣ > ∣∣∣ Ȳ act−µY ,0

σȲ

∣∣∣) = 2Φ(−
∣∣∣ Ȳ act−µY ,0

σȲ

∣∣∣),

. where Φ is the standard normal cumulative distribution function.

Issue: σX̄ unknown.
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Sample Variance

If the following assumptions hold:

1. X1, . . . ,Xn are i.i.d.

2. E(Xi ) <∞.

The sample variance is computed

s̄2 =
1

n − 1

n∑
i=1

(Xi − X̄ )2.

. µ is unknown, need to be estimated.

. E((X − X̄ )2)→ n−1
n σ.

. The sample variance is a consistent estimator of the population
variance.
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Sample Variance - Example

. When Y1, . . . ,Yn are i.i.d. draws from a Bernoulli distribution
with success probability p,

. the formula for the variance of Ȳ simplifies to p(1− p)/n,

. The formula for the standard error also takes on a simple form
that depends only on Y and n: SE (Ȳ ) =

√
Ȳ (1− Ȳ ) > n.
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t-statistic

The standardized sample average can be constructed using

t =
X̄ − µ√

s̄2
.

With the sample of x1, . . . , xn, we can compute the sample t-statistic
tsample .
The p-value is given by

p-value = 2Φ(−|tsample |).
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Significance Level

When construct hypothesis test, can fix a significance level.

. α-significance test means the tolerance to make Type I error is α.

. α is referred to as the size of the test.

Suppose the two-sided test has the significance level of α, the rule
is ”Reject H0 if |tsample | > 1− Φ−1(α/2)”.

. α = 1%, 1− Φ−1(α/2) = 2.58.

. α = 5%, 1− Φ−1(α/2) = 1.96.

. α = 10%, 1− Φ−1(α/2) = 1.64.
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Confidence Interval I

. random sampling error makes it impossible to learn the exact
value of the population mean

. it is possible to construct a set of values that contains the true
population mean with a certain prespecified probability.

. It’s called confidence set, the prespecified probability that µY

is contained in this set is called the confidence level.

. The confidence set for µY turns out to be all the possible values
of the mean between a lower and an upper limit, so that the
confidence set is an interval, called a confidence interval.

. The coverage probability of a confidence interval for the
population mean is the probability, computed over all possible
random samples, that it contains the true population mean.
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Confidence Interval II

A 95% two-sided confidence interval for mY is an interval
constructed so that it contains the true value of mY in 95% of all
possible random samples. When the sample size n is large, 90%,
95%, and 99% confidence intervals for mY are:

. 90% confidence interval for µY = Ȳ ± 1.64SE (Ȳ )

. 95% confidence interval for µY = Ȳ ± 1.96SE (Ȳ )

. 99% confidence interval for µY = Ȳ ± 2.58SE (Ȳ )
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Example

. consider the problem of constructing a 95% confidence interval
for the mean hourly earnings of recent college graduates using a
hypothetical random sample of 200 recent college graduates
where

. Ȳ = $22.64 and se(Ȳ ) = 1.28.

. The 95% confidence interval for mean hourly earnings is
22.64± 1.96× 1.28 = (20.13, 25.15).

. The coverage probability of a confidence interval for the
population mean is the probability, computed over all possible
random samples, that it contains the true population mean
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Confidence Interval(More general sense) I

We are interested in learning a parameter of interest θ from i.i.d.
random sample of X1, . . . ,Xn.

. With random sampling error, it’s impossible to learn the exact
value of the parameter of interest.

. Construct a confidence set: the parameter of interested has
1− α probability to fall into the confidence set.

. The coverage probability of the interval estimator is the
probability that the random interval contains the true parameter.

� An 1− α asymptotic confidence interval for a parameter has
the asymptotic coverage probability 1− α.
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Confidence Interval(More general sense) II

A normal-based 1− α confidence interval is

CI = [θ̂ − Z1−α/2s(θ̂), θ̂ + Z1−α/2s(θ̂)],

where θ̂ is the estimator for θ and se(θ̂) is the estimated
standard deviation. Z1−α/2 is the 1− α/2-quantile of a normal
distribution.
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Test for Difference Between Two Groups I

Suppose we observe the i.i.d sample W1, . . . ,Wn1 , . . . ,Wn.

. Sample W1, . . . ,Wn1 are the monthly wage of graduates with
master’s degree, let µ1 denote the population mean and σ2

1 the
population variance of group 1.

. Sample Wn1+1, . . . ,Wn are the monthly wage of graduates with
bachelor’s degree, let µ2 denote the population mean and σ2

2 the
population variance of group 2.

. Let n2 = n − n1.

. H0 : µ1 − µ2 > d0, H1 : µ1 − µ2 ≤ d0, with significance level of
α.
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Test for Difference Between Two Groups
II

. The parameter of interest is θ = µ1 − µ2.

. Let W̄1 and W̄2 be the estimated sample mean and s2
1 and s2

2 be
the estimated sample variance for group 1 and group 2.

. The standard error of θ̂ = W̄1 − W̄2 is se(θ̂) =
√

s2
1

n1
+

s2
2

n2
.

. We construct the t-statistic as t = θ̂−d0

se(θ̂)
.

. We reject H0 if t > Z1−α.
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Social Class or Education? Childhood
Circumstances and Adult Earning I

This example is based on the example in SW2020 Chapter 3, p.p.
122.

Figure
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Social Class or Education? Childhood
Circumstances and Adult Earning II

. breaks down the differences in mean household income for
individuals according to their are father’s NS-SEC occupation
type,

. and considers these differences for selected highest level of
educational qualification

. The data shows that within both groups according to the
NS-SEC of a father’s occupation, those with higher
qualifications are part of households with higher total income.

. Test the differences between mean income by the father’s
occupational categorization (Yh − Yr ) for each of the
educational groupings.
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Social Class or Education? Childhood
Circumstances and Adult Earning III

. For individuals with no qualifications

. test statistics = (2223.13−1842.98)√
2115.122/1129+1487.292/6383

= 5.7911.

. The 95 \% CI for the difference (Yh − Yr ) is
(2223.13− 1842.98)± 1.96

√
2115.122/1129 + 1487.292/6383 =

(251.38, 508.93).
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Use t-distribution when n is small

Consider the t-statistic used to test the hypothesis H0 : µY = µY ,0,
using data Y1, . . . ,Yn.

t =
Ȳ − µY ,0√

s2
Y /n

,

where s2
Y is the estimated sample mean.

. When n is larger, under general conditions the t-statistic has a
standard normal distribution if the sample size is large and the
null hypothesis is true.

. When n is small, then the t-statistic in Equation has a Student t
distribution with n - 1 degrees of freedom.
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Example I

To illustrate a test for the difference between two means

. let µw be the mean hourly earnings in the population of women
recently graduated from college,

. let µm be the population mean for recently graduated men.

. Consider the null hypothesis that mean earnings for these two
populations differ by a certain amount, say, d0. Then the null
hypothesis and the two-sided alternative hypothesis are
H0 : µm − µw = d0 vs. H1 : µm − µw 6= d0
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Example II

Population means are unknown:

. must be estimated from samples of men and women.

. Suppose we have samples of nm men and nw women drawn at
random from their populations.

. Let the sample average annual earnings be Ȳm for men and Ȳw

for women.

. An estimator of µm − µw is Ȳm − Ȳw .
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Example III

In asymptotics:

. Ȳm →d N(µm, σ
2
m/nm), Ȳw →d N(µ,σ

2
w/nw )

. By properties of random distributions,
Ȳm − Ȳw → N(µm − µw , (σ

2
m/nm) + (σ2

w/nw )2).
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Example IV

Construct t-statistics:
t = Ȳm−Ȳw√

(σ2
m/nm)+(σ2

w/nw )2
.

. When n is larger( > 30), t →d N(0, 1).

� If the test is at 5% significance level, reject if t > 1.64.

. When n is small( ≤ 30), t ∼ t − distn−1
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Distribution Table I
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37 / 37



Statistics

Hao

Estimators

BLUE

Estimation of Sample
Mean

Hypothesis
Testing

Hypothesis

Type I and Type II
error

Statistical
Significance

Confidence
Interval

Example of
Hypothesis Testing

t-distribution

References

References I

Stock, J. H. and Watson, M. W. (2020). Introduction to
econometrics, volume 4. Pearson New York.

37 / 37


	Review of Probability
	Events
	Joint Events
	Conditional and marginal probability

	Random Variables
	Discrete RVs
	Continuous RVs
	Moments

	Multivariate Distributions
	Marginal and conditional distributions
	Independence
	Conditional Expectation

	Normal and related distributions
	Sampling
	Large-Sample Approximations to Sampling Distributions
	References
	Estimators
	BLUE
	Estimation of Sample Mean

	Hypothesis Testing
	Hypothesis
	Type I and Type II error
	Statistical Significance

	Confidence Interval
	Example of Hypothesis Testing

	Use t-distribution when n is small
	References

