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A Appendix

A1 Likelihood ratio test for testing Hy, : a(1 —a) =0

We derive the asymptotic distribution of the LRT statistic for testing the hypothesis Hy, : a(1-a) =0
for testing Hy : Mo = 1 against Hy : My = 2. Our analysis focuses on the null hypothesis a = 0,
noting that the case a = 1 follows by symmetry.

Consider the following restricted parameter space in which 61 and 0; are bounded away from
each other while « can take the value of 0 and 1:

2 2
Oy,(c) := {92 € By, : |01 — O2]| = c1, mjinaf > ) Z akai, Z akai > c3}.
k=1 k=1

Define the MLE 9, in this restricted parameter space by

l792) = max £(82). (1)
9,€0,(c)

Following the proof of Proposition (3), 3, can be shown to be consistent under Assumptions 1 and
3.

Throughout this subsection, h(w; ) denotes the component-specific density, corresponding to
f(w; ;) in the notation of the main text. To simplify the asymptotic representation and regularity
conditions, we use the parameter A := 01 — 0, and reparameterize (61, 02) to (A, 02) so that the
model parameteris W = (02, A, a) € Oy. Under Hj : My = 1, the two-components model replicates
the true one-component model when 0, = 0" and a = 0. Given that A is unidentified when a = 0,
we follow Andrews (2001) by deriving the limit of the LRT statistic for each A := 61 — 07 in
O a(c1) :={A € Oy :||A|| = c1} for c; > 0.



Define the reparameterized log-density as log g>(w;02,A, ) = log(ah(w;0; + A) + (1 —
a)h(w; 07)). Collect the partial derivative of log g2(w; 02, A, @) with respect to 0, and its right
partial derivative with respect to « evaluated at (02,14, a) = (8%, A,0) as

* Vo h(w;0%)
s(w;A) = se,(w) | _ (Ve,log g2(w; 07,4,0) _ Z(wz;"e*) * o
T Asp(w;A)] T\ Vi log g2(w; 67, A, 0) W :

Define I (A) := E[s(W;A)s(W;A)"]. Analogously to (22), define

_ Iz 6> I 6201(/\)
1A = (faez W) T

T6,0(A) = T00,()T,  Ta(A) =E[so(W)*], and T4,6,(A) = To(A) = T06,(A) I g, L 6,a(A).

) , To,=E[s0,(W)sg,(W)"], Ta0,(A) =E[sa(W;A)s6,(W)T], )

Let {S(A) = (So,,Sa(A)) : A € ®,(c1)} be a mean zero vector-valued Gaussian process such that
E[S(A)S(A)T] = Z(A), where Sy, is independent of A, S,(A)is 1 x 1, and Z(A) is defined in (3). Let
Sa,0,(A) := Sa(A) = T 09,(A) T g, So,.

Define the LRT statistics for testing Hp, : a(1 — @) = 0 by

—~2 ~ N A
LR, (c):=2 {f,%(sz) -~ e;(eo)} =2 { max 12(02+ A, 0,5, ) — 4,1(90)} . (4)
(02,4,0)e®gxB,x(c1)%x[0,1/2]

Assumption A.1. (a) 0" is in the interior of ®g. (b) h(w; 0) is twice continuously differentiable on Og.
(c) ZI(A) defined in (3) is finite and positive definite uniformly in @x(c1). (d) Assumption 3 holds when we
replace Oy, (c) with Oy, (c).

Proposition A.1. Suppose Assumptions 1 and A.1 hold. Then, (a) inf‘gz.g@j92 ||§2 —95|| — 0almost surely,
—2 d 2
and (b) LR,,(c) — SUPAcO,(c1) (max{O, Iﬂllez(A)_l/Zsalez (/‘)}) :

Assumption A.1(b) can be verified for a class of mixture models we consider in this paper.

Anecessary condition for Assumption A.1(c) issup, Ba(cr) E[Vqlog g2(w; 07, A, 0)?] < oo, which
is violated for the finite mixture normal regression models when 012 > 2072,

One approach is to impose a restriction that G% < 20*2. A difficulty arises in imposing this
constraint when estimating a two-component model, given that ¢*? is unknown. A possible
solution is to use the estimated variance from the one-component model, setting:

ot € [0, 255 ~c]forj=1,2,

where 65 is the estimated variance from the one-component model and c is a small positive

constant. This ensures the asymptotic validity of the condition 0]2 < 202, However, in finite

samples, there remains a positive probability that values of GJZ within this random interval may
violate the constraint.



A.2 Asymptotic analysis of the penalised maximum likelihood estimator in Section
5.3

In this appendix, we extend the previous asymptotic analysis for testing Hy : M = M)y against
Hj : M = My + 1 to the more general setting of testing Hy : M = My against Hy : M = M;j, where
M; > My + 1 to derive conditions for £M(8,) — 6,11\40(8*1\40) = 0,(1).

There are two primary challenges in extending our earlier analysis. First, while there are exactly
My ways for the (My + 1)-component model to replicate the Mp-component model, the number
of ways for an Mj-component model to replicate an My-component model can be substantially
larger when M1 > My + 1. Second, the degree of singularity in the Fisher Information Matrix may
become more severe, necessitating the higher-order expansions beyond the second-order for an
asymptotic analysis.

To deal with the first challenge, given any integer M that is greater than My, we extend the def-
inition of the restricted parameter space (16) by partitioning the M component-specific parameters
into My ordered, non-empty subsets. Explicitly, we consider a partition 7 = (Tq, I3, . . ., Ty,) of the
index set {1,2, ..., M}, subject to the following conditions: (i) T, N Tjy = 0 for h # h’, and |Tj,| > 1,
(ii) Uz/fl Tw={1,2,...,M}, (iii) If j € T}, and k € Tj» with h < h’, then j < k. The total number of

such ordered, non-empty, consecutive partitions is Ju := ( ]\A/ﬁ]__ll) Let {77 };’fl denote the set of all

these partitions, where each TI = (le , sz S, TA].AO).

Additionally, consider a partition {©}, h}zhvfl of the parameter space ®g, defined by (15), such
that each ©, , forms a neighborhood containing ), but excluding 8; for all j # h. Then, for each
partition T, j=1,2,...,]um, therestricted parameter set (not to be confused with the reparameterized

parameter vector ‘I’ﬁw defined below) is:

M
W = SMEC:')SM(C):Zaj:l, 0;€®,, foralljeT), h=1,...,Mo
j=1

Each W__; uniquely represents a distinct configuration in which the components from an M-
component model are distributed across My components; the union of lIJfrj over j =1,2,...,Jm
covers the parameter space @y, (¢).

Define the local MLE that maximises the log-likelihood function of the M-component model

under the constraint that 91 € W_; by

6,11\4(5]”1) =arg sup M(Oum).

meW,
Because U?jl‘lffrj = @y,,(c),
6O = 6 = _max (£ &) - 6@, (5)
In view of (5), tM(y) — Mo (¥,) = Op(1) follows if we are able to show that f%(@ﬁw) — Mo Fy,) =

Op(1) forany j =1, ..., m.
To deal with the singularity of the Fisher Information Matrix for the M-component density func-



tion gam(w; ), we consider the following one-to-one reparameterization of dm. Specifically, for
‘ j T
)
and Thk = ak/ﬁ] for k € T] and h = 1,...,M,. Given the index set 7/ = (T],... T/ )with

= (kyp, kp+1,...,k, + |T] | — 1), and applymg an additional reparameterization of {Gk}
defined by (7), the reparametenzed density function of the M-component model is expressed as

o . _ ] _
j=1,2,...,]m, we reparameterize & = (a1,...,am-1) by f, = keT] Ak, T (’ch 1o T

. . MO .
gu(w; Wy, ) = 3 g1 > Th(w; 8)) |, (6)
h=1 keT,j
where
9 Tl Y
E])kh Ze 2 hl’/\hl’
j
6kh+1 _ h 1/\h 2 h=1 MO (7)
5 i
b=\ VT Tty o

Collecting the reparameterized parameters, we set ‘I’ﬁw := (n/, V)T (in subscripts and func-

tion arguments, we write ¢§VI for typographic clarity), 7/ := (T]l.,.. TMO)T o= (B, v), Bl =

(ﬁ],...,ﬁﬁwo_l)T, vi= ...,V J and A = AL, A, )7, where v) = (vh 2,...,1/]h |T/|)T'
. . . . . ! h
A= _,... A Y,and 7 :=( ..., orh =1,...,Myp. When the data is gener-

ni= B h,|Th]|) n = T h|Tf| D ’ &

ated from the Mo-components model density gm,(w; ), ) := ZMO a) h(w; 0}), we have éj = 0,
forall k € T] hence v = 0 and /\] = 0 while 7/ is not identified. In this scenario, since ﬁ] =a !
and Zkele T;(h(w, 6;{ ) = h(w; 6} in (6), the density function g (w; ‘I’M, 7/) coincides with the true

Mo-component model density g, (w; 9y, )-
With this reparameterization, the first-order derivatives satisfy:

Vﬂh h(wl 971)

1V i log em(wi s, Ty =0, h=1,...,My. (8
S 9y,) 4 OB ) o ©

Vi log gm(w; P T) =
Because V Al log gM(HJ‘lIJ;jI, 7/) = 0, the Fisher information matrix is singular, and the standard
quadratic appr0x1mat10n fails. As analyzed in Section 5.1, when M = Mj + 1, the unique elements
of V; Al log gum(w; P M /) plays the role of score function in (2) to identify /\] When M is much
larger than M), we need higher order derivatives beyond the second order derivatives to identify
Al

Denote the density ratio by '
- sm(Wi; W), )
Wt gMO(Wi; 19;\40)

so that fn(q’j ,Tl) — fn(‘l’j* ,7) =3 logl

W Tlit



Let /\j . ® )\] , @ ® Al denote the tensor containing all interactions among the elements of

h,t,
the vectors /\2 0 A]h s A;q 4 where ® denotes the Kronecker product. We use the higher-order

derivatives of l‘l”y g with respect to )\iz evaluated at Wy = ‘P*M to identify A;;: forh =1,2..., My
and forp > 2,

0(* V6®P ]’lz i ]
V/\]} oA, , ®-8d) Z\Iﬂ T i Vh b, (T h) = for (b, ..., ) € {2,..., T, 1},
1,0 h,ty MO i

where 0%7 represents 0® 6 '® 0 (p times), I} ; := h(W;; 0},), and gM = gMO(WZ,S ,)- Forp =

2,3, we have Vh b (1)) = Th 1 he (The +006) and Vh bt (T )= Th 1 hé’ (6‘«’1‘«’25"2"3(Th 1)2_Th 527;1 0

with 6;; being Kronecker delta. The elements of V are ave-zero random

ey

j
®A Ity

j
A h, by

I, l‘p;\/l Tj’i
variables.
Let g := dim(0). Let vech,(Vgerh*/g*) extract all unique elements of g-dimensional symmetric

array Vgep h* /¢, multiply by its frequency, and stacks them into a vector. For example, for p = 3 and

q > 3, vechs (V(;@g@gh*/g*) with 8 = (64, ..., Qq)T will contain (i) g4 elements of the form Vh*/ g%,
(ii) g(q — 1) elements of the form 3V6]_29]_h*/g* for i # j, and (iii) (g) of the form 6Vg,p,0,1"/g" for
i#j#k.

Ve®eh;,,-’ Vososol), ; Veorm 1y, ; is at

YARXIXY

Choose p;l so that the dimension of the unique elements of

My SMp,i 8My,i

least as large as the number of elements in )\]h but no larger than necessary:

[ — [« Vesoli}, = (Ve
dim |vechy | ———~ || +---+dim|vech ; | ——— || = dlm()\]h)
EMo,i Ph 8Mo,i
) (~ aZV9®9h;Z Z)) ] (~ (ahv ®(ph 1)hh 1))
> dim [vechy | ——— || +---+dim|vech ; | ————|]. )
EMo,i P 8My,i

The value of p;; indicates a necessary order of local expansions for identifying A;l. For example,
consider the case of testing Hy : Mo = 1 against H; : My = Mj for any M; > 1. Then, g}*wo ;= h’and

Jm, = 1. In this case, for p = 2, because dim (VeChz (Vgieh;)) = ‘MH) and dim(A) = g(M; —1), (9) is

satisfied if ~5— (q D> M; —1. For p = 3and q > 3, the condition is —5— q(q (q +q(g-1)+ W) >

qg(M1-1) > @, which simplifies to % +1> M; > T' For p = 4 and q > 4, the condition

3_5q2 _
(q+5)6(q+1) Sl ;10q L > M; > W + 1, where A is identified for up to M = 18

is given by
ifg=4.
Forh =1,..., M, let

T GIT j
vechy | 2,0 Zezz héléz(Th)/‘ O,

0,j j = : ,
I

|T | IT | j
vech Zel S byt ,
Pu M ”2

J\a/ j j
(T B, @B, )



where vech,(-) is defined similarly to vech,(-) as an operator that extracts all unique elements of
g-dimensional symmetric array, but without multiplying each element by its frequency, so that the

elements of vech, (A, ® - - - ® Ay,4,) are conformable to those of vech, (Voer iy, / gjwo).

Collect the relevant normalized reparameterized parameters and define ¢ W i @S
M
n-m
Vi
N
tllf'j\/[‘fj = . (10)
v
AéVIngVlo
For j =1, ..., Jm, define the vector s/(W) as
s/ (W)
"y Tw h
sI(W) = S;?( N with sp(W) := s;*( N and sh(W) := : , (11)
W) s, (W) ;
5/1( v ]
s (W)
/‘M
0
where
h(W;07)=hwy (W;603,) a;Voh(W;67)
Mg (Widy) gmp(Widjy)
sa(W) = : , su(W) = : , and (12)
g1 (W30 )=y (W0, ) gy VORW;Oy,)
Mg (Widy,) 8mg (Wi
— [ @, Veeoh(W;0))
VeChZ ( gMO(W;s;\/IO) )
s (W)= : forh =1,..., M. (13)
A, vV h(W;67)
h 0% n
Ve, ( 89357, )

We denote s? := s/(W;). We assume that lqﬂ- i ; can be expanded around / =1 as follows.
Mt

Let Py(s)(s)T) = n7 XL, sl(s)T and vy(s]) := n 2 21 [s) - Ege[s]]].
For € > 0, define the neighborhood of the set W;VI corresponding to the null hypothesis
Hy : My = M as follows:

W Tl

Ne={W], € Oy = sup [t 4l <e},

T/e® i
 eq

P,

where ©_; ., denotes the parameter space of 7/, as implied by the parameter space ®, ., of a,

T ,0q
which restricts the values of T;Z to be bounded away from 0 and 1.

Assumption A.2. For M = My + 1, ..., M, the following assumption holds when the data is generated



from the Mo-component model. Forall j =1,...,]Jyandi=1,...,n, lq,j — 1 admits an expansion
M

Tl i
T .

llllfwrf,i -1= (t¢§\47j) S; + "l 7 ir (14)

where tll)]wj satisfies \P;A — \I’x{ z'jfsuije@TjrC1 ||t¢§\/ITj

(0,00), 6 >0, € >0, and p € (0,1), (a) E9h0||s§||2+6 < C, (b ”Pn(s;(s?)T) _ Ij|| = 0,(1), where

7= E[sf(s{)T] is finite and non-singular, (c) Ee*[suplllﬁweNs |rwg4rf,i/(||t¢g4rfllllw§vf - lI’;;I||)|2] < 00

. ) ) j J* ) INTE
(@ supy; _y [Vnlrgs 5 Ity Iy = WylD] = Op(1), and (&) supy, _y, [Iva(s)Il = O,(1).

i ,
|| = 0, and (Si’r\pﬁﬂf',i) satisfy, for some C €

Assumption A.2(b) is a key regularity condition that requires the unique elements of Vo h}, /g3, ,
Vosol, /&y, -+ Veeri 1}, /&), are linearly independent and their expectation is finite.

Proposition A.2. Suppose that Assumption A.2 holds. Then, for any ¢ > 0,

sup  |6,(W ,Tf)—en(wf*,rf)—«/ﬁﬂ vn(s])+ntT Tt tyi /2] = 0p(1).
‘Pﬁ\/IENC/\/E

The following proposition expands ¢, (‘I’j ,T) in Ag, () = {Wm € N, & by (‘I’j , ) -
6, (W, /) > —n} for some 1 € [0, %) and for ¢, — 0 slowly to ensure Pr(Wy e N,,) = 1.
Proposition A.3. Suppose that Assumption A.2 holds. Then, forall j = 1, ..., ]m, for any n > 0, and for
any {e, :n =1,2,...} such that ¢, — 0 but Pr(‘i’M eN,)=1,
= Op(n‘l/z), (b) for any ¢ > 0,

(@) SUP, e, (n) t%ﬂ-

sup ’(’n(‘llﬁlwrj) \I’]* ) — Vnt vn(s)+nt

Ift%ﬂ./z =0,(1),
WreAe, (W)UNC/\/W

Pl YT

T = (W )| = 0, (1),

Because a consistent MLE is in A, (1) by definition, Proposition A.3 implies that ¢, (‘i’éw, /) -

{, (‘I’j ©LTl) = O, (1) for a consistent MLE. Together, Propositions A.2 and A.3 verify Assumption A.4,
completing the justification for BIC consistency in Proposition A.6.

A.3 Technical Details for LRT
A.3.1 Parameter Space Partition and Local Restrictions

Recall that pj <y <--- <y}, . Let ® y and @y denote the lower and upper bounds of ©,. Define

e, H212] % Op X O, h=1

@, = 1 [Htth Bt ) @y % ©,, 2<h< Mo-1 (15)
Lz 2
(20§ 1x @ x Oz, 1= M.



Then {©j h}ﬁ’l partitions ®p such that @} , contains ) but not 6’; for j # h. Define the
restricted parameter space W) C Oy wgs1 (€) s

Mp+1
IMy+1 € ®9M0+1(C) : Z aj = 1;
W= . = : (16)
0, € G)*e,j forj<h-1, 0y,0n4 € ®*e,h?
0j €0y, forj=h+2

: * * * * M, * -
By construction, W), N ®9M0+1,1h #0,W, N ®8MO+1,1I =0forh #1,and U, 2| ¥} = Oy, ,(c).

The subset ®:9M corresponding to Hy 15, is defined as
0

+1,1h

IMo+1 € Oyt any a1 >0, ap + e = ay;
* L — — * . R * R * : .
Oy, = {00 = One1 = 03 aj = a3, 0= 0 forj < I (17)

@; :a;_l,ej = 6;_1 forj>h+1
forh=1,..., M.

A.3.2 Explicit Score Function via Hermite Polynomials

HI(-) is defined as the j-th order Hermite polynomial. H(t) = t, H*(t) = t>—1, H3(t) = 3 -3t, and
H*(t) = t* — 6t> + 3. As shown in the supplementary material of Kasahara and Shimotsu (2015),
the derivative of {§¢(§)} is

ViV (3 0(2)} (1)“ (1)"”” I (3) |
{30(5)} 2) \o Y
Let f* = f(W;0%) = Hthl f;(W;0%), where f;” denotes the component density for observation ¢,

which may be either a normal or a mixture density. Let Vf* = V f(W; 0*) denote its gradient.
Define the Hermite polynomials evaluated at Y; — X " — u* as follows:

. ) Y _ XT * %
it Lo (B2 X P o) (18)
T o) o

A.3.3 Score function for the model (1) with normal density ((2))-((3))

Let f = alqb (%) Then, the first-order derivatives of the normal density function ((2))-((3))

with respect to the parameters are given by:
T T 1
Ny Var =Y bar,
t=1 t=1

T
Vef =Y HIX,.
t=1



The score function defined in (2) is then written in terms of the Hermite polynomials:

Sy
W\ [ SLr
d " SAsAo
sy (W) =|ss|= Zthl th and spy(W) = s , (19)
s ST HMx Aulp
ﬁ f=1 t t s/\ /‘ﬁ
SApAp
where
T * * *
Sy 12t?1 [Ht23+ Soxt H'HY'|
S1ulg 7 2t=1 [Ht* + Dsxt H}*Hsz*]
SAoha | _ }ITZthl |HY + s HPHZ 20)
Sadg | Zt?l [HY + ou HIHE | X '
SAoAp 3 D=1 [H? + Qs#t HtlHé?'] X
SAghs p [th*vech(XtXtT) + Dest H}*Hg*vech(XthT)]

A.3.4 Score function for the model (1) with normal mixture density (2)-(3) when K, = 2

For brevity, we present the score function for the model (1) with a two-component normal mixture
(2)-(3) when there are no covariates. The score function for the model with covariates can be

analogously derived. Let
T T

relr=l1m+a-m5),
t=1 t=1
where f;t = gicj) (@) for k = 1, 2. In this model, we omit the covariates X; and the parameter

for simplicity. The score function with covariates can be derived similarly to the previous section.
Define the b-th order normalized Hermite polynomial for k-th component evaluated at Y; — 1} as
follows:

R e
Hkt - (O_*)bH o* : (21)

Let Y .
Vit = i Yot i =1—=1
ti= " — t =1 =y
T*f1t+(1—’[)f2t




The score function defined in (2) is then written as:

SAA;
Sy Ay
SNy Ay
St ZthlT( ):[1* - 1?—21[*) SAM/\M
.
W) =[] S| and sy = | P, 22)
p2 t=1 VZtH2t SAidy,
So i yiHZ + y2rHa SAuy Ao
Shipha
SAoAs
SAi Ay
where
SAcAe Siot Bswt (5 — 25) (B2 - )
S Ay St (vieH3; + o yuyisHHYY)
Sy Sioy (v2rHE + Sep yaryasHyrHY)
S/\HlAHZ Zzzl (Zs;&t ylt)/ZsHllfH%;)
i | S (EHY Tyl (2 - ) o
S/\T/\pz - ZZ:l (_%H;; + ZS#t 7/2tH21; (7;1*5 - %)) '
S A 130 (yuH + Zos yuHY: (1sHE + 2HZ))
Ayl 1300 (varHyy + Zos varHy (y1sHE: + 20HZ)
Storo | |1 2te ((1eHE +y2eHy) + St (y1eHE + v2eH3) (1sHE + 25 HE?))
SAido %Zthl (BEHY — £5H3, + Yo (yuHG + y2eHY) (52 - £25))

A.3.5 Score function for testing Hy : M = M against Hy : M = My + 1

We only present score function for the model (1) with normal density ((2))-((3)).
Let g* = g(W;8),) = 2]1\/2101 a; f].* denote the true Mp-component model as in equation (11),

Y- . . . . , .
where f].* = f(W; 6;) = Hthl Uiqb ( [U% / ) is the j-th component density. In this section, we omit
] ]
the covariate x;; and the parameters ﬁ; for simplicity; the derivation with covariates can be done
analogously to the previous section. Define H]b’:t as a shorthand for the b-th order normalized

Yt —u

Hermite polynomial evaluated at —

i bx 1o (078 ~ . J*
—, le, Hj = WH — | Define the weight w; as
j ’ j j

10



.., My. The score functions are

“_11 B “_Ms w; Zthl Hll*t
sa(W) = : , su(W) = : ,
2534—0‘1 - % Wi Sia Hy |
Mg-1 My
w) T, HY, Sl
so(W) = : , saa(W) ={sa,, |,
ijo Zthl HIZ\;IO,t SAats
where
w; Xy [HE, + S HILH w0y STy [ B, + Sew HEHE
Sy = : y SN, = : /
Wity Sioa [HE o+ Zowr Hip HY | Wiy b Sy [HY o+ T HY HE |
wid BT, [HE, + Dows HE HE
SAeAe = :

* 1 T 4% 2% 2%
wM(J 4 Zt:l [HMo,t + ZS#t HMO,tHMO/S]

A.4 Asymptotic distribution under local alternatives

We derive the asymptotic distribution of the LRTS under local alternatives. For brevity, we focus
on testing Hyo : Mo = 1 against Hy : My = 2. Consider the following local alternative to the
homogeneous model f(w;y*, 0°) with 0* = (u*,0*2,(B")7)T. For brevity, we omit the common
parameter y in this section. In a reparameterized parameter, ¥ = ((v*)7,(A")")". For a* € (0,1)
and a local parameter h = (h,, h)T)T with hy € v(0,), we consider a sequence of contiguous local
alternatives (a,, P,)" = (ay, vy, A,) € @y X O, X O, such that, with £4(A, &) given by (35),

hy =Vn(v, —v*), hy=+vnty(A,,a,), and a, =a"+o(1). (24)
Equivalently, the non-reparameterized contiguous local alternatives are given by
O1n=vn+Q—-ay)A, and 02, =v,—ad, (25)
for v, = v' +n"2h, and A, = (A1,n, Ao, ooy Ag,n) T With
Ajw =0 a,(1 = an) Py, forj=1,..,9,

where h) = (hi/l,Zh/\,lh/\,z, hi,zf---,2hA,q—1hA,q,hiq)T- The local alternatives are of order n'/*

rather than n'/2. See the discussion following Proposition 4.
The following proposition provides the asymptotic distribution of the LRT test statistics under

11



contiguous local alternatives.

Proposition A.4. Suppose that the assumptions in Proposition 6 hold for Moy = 1. Consider a sequence of
contiguous local alternatives 97, = (ay, 0 1n BZTH)T given in (25), where a,, and Ay, satisfy (24). Then,

under Hy , : 9 = 92, we have LR,, i> ()T A,vt;l, where t) has the same distribution as t,\ in Proposition
4 but G,y is replaced with (I,,)'Sa, + ha.

The result follows from Le Cam’s third lemma. To apply it, one needs the joint convergence under
P7. of the score vector Sy v, and the log-likelihood ratio A, := loec;(dsz’;1 /dP?.), together with the LAN

property A, i N (—%hTI h, h"ITh) and cross-covariance Cov(Saw, A) = Ipvh). For regqular (non-
singular Fisher information) models this is standard; for the present singular mixture model (where the
Fisher information in the A direction is degenerate at A = 0) the required LAN structure — joint convergence
of (SA,v,n, An) and the cross-covariance identity — follows from the local-likelihood-ratio expansion in
Kasahara and Shimotsu (2015) adapted to the reparameterised score \nty. Given this LAN structure, Le
Cam'’s third lemma shifts G, from N(0, 1 ;}V) to N(hp, I ;}V), yielding the stated distribution.

The set of contiguous local alternatives considered in (25) excludes a sequence such that a, — 0
orl.

A.5 Proof of Propositions

Proof of Proposition 1. We first consider a model with an intercept parameter and a variance param-
eter but without covariates with W; = { yit}thl for the model (1) with normal density ((2))-((3)).
Define

=
Mﬂ

-Y)? with Y; =
t=1 =1

| —_

—_

1~
=

Zt/

where (T — 1)512 /a*? follows a chi-square distribution with T — 1 degrees of freedom. Let i* =
arg minizl,“_,n{siz} so that 51‘2* = min{s%, oo, 82} is the minimum of 51.2 across all values of i. We
consider a sequence of parameters 92, = (an, 0 M, HT T with a,, = 1/n, 61, = (yLn,ain T =
(Y, s2)7, and 02, = 0" = (u*, 0" forall n. It suff1ces to show that LR} (9, ) is unbounded in
probability.
Define
T ., T 1 (Vi — )
((W;;0):=log f(W;;0) = —Elogo —Elog(Zn)—EZ;( )

Then, the LRT statistic for a two-component mixture is written as

n T T n
. 1 Yit — p1,n 1 (Yi—u .
LRn(sZn) =2{;10g (anl:[ Gl,nqb( O1,n ) +(1—0én)1:[;¢( o )) _Ze(Wi;e )}

i=1
=2 Z {log (exp(log an +{(Wi;01,)) + exp(log(l — ay) + L(W; 0%))) — €(W; 9*)}
i
+2 {log (exp(log oy + L(Ws; 01,,)) + exp(log(1 — ay) + {(W; 67))) — {(Wi; 6*)} .
(26)

12



The first term on the right-hand side of (26) can be rewritten as

—2(n—1)10g( )+2210g(1+

1#£1*

exp(E(Wl, 01,,) - t(W;;0))],

which is bounded from below by -2 as n — oo because lim,—2(n — 1)log (1) = -2 and
log (1+ -4 exp(l’(Wz, 01,,) —{(W;;6")) > 0 for all n.
The second term on the right-hand side of (26) is written as

2{—logn + {(W;;01,)} +2log (1 + (n — 1) exp(l(Ws; 0") — &(W; 01,,))) — 26(W; 0%),  (27)

where 2{—logn + {(W; 01 ,)} diverges to infinity as n — oo by Lemma 2, the second term in (27)
is bounded below by zero, and the third term is bounded in probability because {(W;-; 0") = O,(1).
Therefore, for any M < oo, we have Pr (LR:Z (92,) < M) — 0asn — oo.

For a model with covariates for the model (1) with normal density ((2))-((3)), we can consider
a sequence of parameters 92, = (a,, 0] Lns GZTH)T with a, = 1/n, 01, = (U1, oin, ﬁIH)T =
(Yi*,siz*,OT)T with 0, = 0" = (y*,o*z, (B)")". Then, repeating the above argument, the stated
result follows.

For the model (1) with normal mixture density (2)—(3), suppose that uj; < uj for j =1,2. Then,
in view of (44), we can bound the log-likelihood function from below as

ilog(“ﬁiﬁk— (lt Hlk)+(1—a)ﬂzm— (ﬁ))

t=1 k=1

zimg( [T 2ot ea-a T 2o (™ “))

t=1

Therefore, the LRT statistic for a two-component mixture, LR;,(92,,), is bounded below by the right
hand side of (26). Then, repeating the argument following (26), the stated result follows from
Lemma 2. This proves part (i).

]

Proof of Proposition 2. Note that, for Z = %,

Lol s3u o) -

2211

S 0(2),

and %[ﬂ)(Z)] S z2-1) + ~9(2).

Hence, for j = 1 (the case j = 2 follows identically with & replaced by 1 — @), a straightforward
calculation gives

&Zgz — 1 2 882 - 1 3 2
o —af | @+ 2T and S5 =af 5, (21-1), @8)
Hi)\a,00,00) 9; (@,0",0%) t=1

13



where T
Y- X, p -y
Z; = *f—ﬁ” t=1,...,T,
o
is the standardised residual obtained by conditioning on {X;}; all expectations below are taken
conditionally on {X/}.

Suppose, for contradiction, that real constants a, b exist such that

g — a4+ b 982
32 B 902
(duj) (a,0,0%) 80 7 \(a,0%,6

with positive probability. Since @ f*/ 0*2 > 0 almost surely, substituting (28) into the above equation
and dividing both sides by af*/o*? gives

T
(Zi+--+Z7) — _O g Z (29)

We derive a contradiction by considering two cases.

Case 1: a = 0. The right-hand side of (29) reduces to g > t(th —1), so the equation becomes

(1- )ZZ2+2 S zz, =T -4,

1<s<r<T

after expanding (Zy + -+ + Z1)* = X, Z? + 23, ZsZ,. The left-hand side is a polynomial in
(Z1,...,Z7) whose cross-terms Z;Z, have coefficient 2, while the right-hand side is a constant.
Because T > 2 the cross-terms are present, so this is a nonzero polynomial that cannot equal a
constant on a set of positive Lebesgue measure. Since (Z1, ..., Z7) has a density, the identity fails
almost surely, a contradiction.

Case 2: a # 0. Recall that f* = [, Z¢(Z;) = (") T@r) T Pexp(-L%,22), so 1/f* =
(01)T(2n)T2exp(L 3, Z?). Rearranging (29) isolates the non-polynomial term:

~

ac?
@) en™ exp(% sz) = P(Z4,....70),
t=1

where P collects the remaining polynomial terms. Since a # 0, the left-hand side is a nonzero
multiple of exp( % VA tz), which grows super-polynomially along any ray || Z|| — co. No polynomial
can match this growth, so the equality cannot hold on any set of positive Lebesgue measure. Since
(Z1,...,Zr) has a density, this is again a contradiction.

In both cases we reach a contradiction, so no constants a, b satisfy the supposed identity with
positive probability, and
| =o

d
:a+bg2

(a,6%,6)

82g2
Pr[ @2

/@, 07,07)
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Proof of Proposition 3. Our proof closely follows the proof of Theorem 3.3 in Hathaway (1985) by
verifying Assumptions 1, 2, 3, and 5 of Kiefer and Wolfowitz (1956).

We first consider a model with the component-specific density function (1) with ((2))-((3)).
Because our model has additional free parameters 8 ;$, as in the proof of Kasahara and Shimotsu
(2015), we consider the joint density of m, := M(q+1) observations instead of M +1 observations in
Hathaway (1985, p. 798), where g := dim(). The joint density function of m, observations is itself a
mixture of M™1 components, where each component is given by H;n:ql ML, f (Yje; pi+X ]Tt p ij Oi ;) for

some choices ij € {1,..., M}, with the density of N(u, 0?) denoted by f(y; u, o) := %gi)((y - u)/o).

Assumptions 1 and 2 of Kiefer and Wolfowitz (1956) are easily verified for the joint density of
m, observations. Assumption 3 (strict KL identification) holds because Gaussian mixture densities
with distinct mixing distributions are distinct L! functions, so the true parameter is the unique
maximiser of the expected log-likelihood; see Kasahara and Shimotsu (2015, Lemma A.2) for
the analogous argument. This extends to the regression-mixture case: if two parameter vectors
generate the same conditional mixture density gp(Y|X; ) for almost all X, then fixing X = x and
applying the standard Gaussian-mixture identifiability argument (which uses only the Y-marginal)
shows the component means i+ x'B j and variances must match. Since this must hold for a.e. x,
varying x across a set of positive measure forces 8 i = B jand p; = [i for each j, reducing to the
covariate-free case. We verify Assumption 5 of Kiefer and Wolfowitz (1956) for the joint density
function of m, observations by showing that

mg T
Ellog[ | [ | £vuu;, + X365, ;)] > -0 (30)
j=1 t=1
for 9, € ©;, and that
1”1q T
E  sup logl_l nf(th;yij +X].Ttﬁij,al-j) < o0 (31)
IMEBs, (c) j=1 t=1

for all component choices i; € {1,..., M}, which correspond to equations (3.1) and (3.4) in Hath-
away (1985), respectively. (30) follows from the argument in the proof of Theorem 3.3 of Hathaway
(1985).

For (31), because 9); € Oy,,(c), there exists ¢ € (0, 1] such that min; x 6j/0 > c. Proceeding as
in Hathaway (1985, pp. 798-799), we can show that

mg T
sup log l_[ l_lf(th}[Jij + X;ﬁij,aij)

IMEBs,, (c) j=1 t=1

is no larger than, for some ¢ € {1, ..., M} and j1, j2, ..., jg+1 € {1, ..., mg},

g+l T
sup log [5(o0) | | [ | £ e + XT By 00) |, (32)
teBe.oe r=1 t=1
Where 6(0'(7) — (2n)—T(M—1)(q+1)/2(COl})—T(M—l)(lHl)/ because f(Y]tl'Hl] + X]—l;ﬁl]/al]) =
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2m) (o3 exp(—{Yje — (ui; + XiB; )}y /207) < @m) M) < () V(cop) for
jE{j1 j2, s jge1}-

Note that ]—[Z: M-, 7 (Y5 pre + x}" By, 0¢) is the likelihood function of a linear Gaussian model.
Therefore, the maximised value of (q32) equals C; — C210g(SSR), where C; and C are a finite
constant that depends only on M, k, and T while SSR is the sum of squared residuals obtained
from regressing {{qut}thl}Z: on {{1,qut}tT:1}Z:1. Because there are T(q + 1) observations and
q + 1 regression parameters, the residual degrees of freedom are (T — 1)(g + 1), which are positive
under T > 2. Thus SSR > 0 a.s., and the finite moment conditions in Assumption 3(a) ensure
E|log(SSR)| < oo. Therefore, the expected value of (32) is finite, and (31) holds. This verifies
Assumption 5 of Kiefer and Wolfowitz (1956), and the stated consistency result follows.

When the component-specific density function is given by (1) with (2)—-(3), where the number of
sub-components in (3) is K, the joint density function of 2, observations can be written as a mixture
of M™ x K™ components, where each component is given by ]_[;1:"1 M7, f(Yie; phijie + X;ﬁi]_, 0i;)
for some choices i; € {1,..., M} and ix € {1, ..., K}. Then, repeating the same argument as above,
we can show that the expected value of SUPy,,coy,  (c) log [H;n:[’l -, f (Yt phigi + X].Ttﬁij, oi;)| is
bounded, and Assumption 5 of Kiefer and Wolfowitz (1956) holds. Because Assumptions 1, 2, and

3 of Kiefer and Wolfowitz (1956) are also easily verified, the consistency result follows.
O

Proof of Proposition 4. The proof is similar to that of Proposition 3 in Kasahara and Shimotsu (2015).

Given the value of ¢ and a € [c1,1 — ¢1], define the space for reparameterized parameters as
=" ,AT)"T € Oy, where ®y = {1 =(¥",A7)7" :(a,v+(1—-a)d,v-ad) € O,(c)}. Under
the null hypothesis Hy; : 61 = 02 = 8%, we have A = 0 and v = 0°. We rewrite the reparameterized
parameters under the null hypothesisas " = ((6°)7,07)". We denote the reparameterized density
function and its logarithm as

gw;p,a):=af(w;v+(1-a)d)+(1-a)f(w;v—ad) and (w;,a) =logg(w;P,a). (33)

Let L,(¢,a) == Y7 (W, a) be the reparameterized log-likelihood function. For each
@ € [c1,1 = c1], define the reparameterized MLE as

A

Y, =arg ll)rélax L.y, a). (34)

W

Collect the relevant normalized reparameterized parameters and define (3, ) as

t, v-v
fpra)= (tm, a>) ) (a(l - a>v<A)) ’ "

where v(A) is given by (23).
As discussed in the proof of Lemma 1, taking the fourth-order Taylor expansion of L, (1, a)
around (W, a), we may write 2{L, (¢, @) — L, (1", @)} as a quadratic function of Vnt(y, a) as

2A{La(, a)-Lu(§p", )} = 2(Vnt(}p, a)) 7Sy — (Vnt(p, )" Lu(Vut(p, @) + Ru(pp, @) (36)
= G;—{In Gn - [\/Et(l[), 0‘) - Gn] ! In [\/ﬁt(ll)/ Dé) - Gn] + Rn(ll)r 0‘)/ (37)
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where S, := n1/2 Y s(W;)and G, := I,;lsn, where I, is the negative of the sample Hessian
defined in the proof of Lemma 1.
Noting that L, (¢*, a) = LO,n()’E/ 0;), write

LRn = aE[IglalXC ]2{Ln(li}a/ a) - Ln(lp*/ 0()} - 2{L0,n(‘j\/0/ é0) - LO,n(]’a/ 66)} (38)
1,1=¢1
Define
_ (Svn) — (n—l/Z Z::Zzl Sv(wi) Savn = San — IAVI;lsvn/ G)\,vn = I;,lvs/\,vnz
" S/\n . n—1/2 Z?:l SA/\(WZ') ’ tv,/\ =ty + I;ljv)lt}l(/\r 0(),

and split the quadratic form in (36) to obtain

2{Ln(llh (X) - Ln(lp*r [X)} = Bn(\/Etv,A) + Cn(\/zt/\(/\/ 0‘)) + Rn(‘p/ (X), (39)
where

Bn(tv,)l) = Zt;,r,/\svn - t,—,r,AIvtv,A/
Cn (t)l) = Zt;\rs/\,vn - t;l\—I/\,vt)\ (40)
= G;{V”I}l,v G/\,vn - (t/\ - G/l,vn)TI/l,v(t)l - G/\,vn)/

with Goun — Gy = (Za)"'Say and Spum —> iy ~ N(0, Z4,). In addition, R,(§,, @) = 0,(1)
holds from Lemma 1(a) and Vnt(¥,, a) = Op(1).

Because Ay, g) f (x; Vo ég) isidentical to A, f (x; W*, ), a standard analysis gives 2[Lg »(,, éo) -
Lo,n(yg, 03)] = maxs, By(\/nt,) + 0,(1). Note that the possible values of both vnt, and Vnt, 1
approach Rf7. Therefore, in view of (39) and (40), we can write equation (38) as

LR, = max Cy(Vnti(Aa, @) +0,(1), (41)

a€lcy,1-c1]

where A, is as defined in (34).

The asymptotic distribution of LR, follows from applying Theorem 3(c) of (Andrews, 1999,
p- 1362) to (39) and (41). First, Assumption 2 of Andrews (1999) holds because Assumption
2* of Andrews (1999) holds by Lemma 1(a) (the remainder bound) together with Proposition 2.

Second, Assumption 3 of Andrews (1999) holds with Br = n'2 and T = n because SAvn i) Sav ~
N(0,7,,) by Lemma 1(b) and I, is non-singular by Lemma 1(c) (for K¢ = 1; for K¢ = 2, non-
singularity follows from Lemma 2(c) instead). Assumption 4 of Andrews (1999) holds from part
(a). Assumption 5 of Andrews (1999) follows from Assumption 5* and Lemma 3 of Andrews (1999)
with by = n1/2 because a(1 — a)v(®,) is locally equal to Aj. To confirm that Lemma 3 of Andrews
(1999) applies, note that A, is a closed convex cone: ®, is a simplex constraint (finitely many
linear inequalities), so its tangent cone at any point is a polyhedral cone (intersection of finitely
many halfspaces); scaling by the positive scalar a(1 — ) preserves closedness and convexity. The
projection onto A therefore exists and is unique. Assumption 6 of Andrews (1999) (uniform
equicontinuity of the score in a shrinking neighbourhood) holds because, by Assumption 4(a), the
log-likelihood function has uniformly bounded second derivatives in a neighbourhood of (¥*, a);
a standard mean-value argument then gives the required modulus-of-continuity bound. The
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second-order tangent cone condition required for Theorem 3(c) holds because A, is a polyhedral
cone (the nonnegative orthant, arising from the simplex constraints on the mixing proportions);
for polyhedral cones the second-order tangent cone at any point equals the tangent cone itself, so
the condition is automatically satisfied for any g > 1. Therefore, it follows from Theorem 3(c) of

Andrews (1999) that C,(Vnta(A, a)) 4 (£A)T I 2 vt2, where £ is defined by (24).
O

Proof of Proposition 5. Under Hj o, we obtain 9pj,+1 € O Outye1 207

E[{ Va4, 108 frgr1(Wi, Sa15+1)}]
_/ {f(w Gh) f(w; GM(,)}2
jaf(w;0)) (42)
. .0* N2
_ ;f(w,em}z* P / {Ai(wleMo)} / f@; 01)f (w: O)
T aif(w;0) X0 aif (w; 6 ) 1 f (w; 67)

The latter two terms on the right-hand side of (42) are bounded because
f(w; 9340)/2?/:101 a}ff(w; 6;) < (1/05\40) for any w and f(w;0) integrates to one. Therefore,
the left-hand side of (42) goes to infinity if and only if the first term on the right-hand side of (42)
goes to infinity.

Because max; aj < Z;VIO aj < Mpmax; aj, we obtain

1 Af@ieny o {fiow}?  _ {f(w;0u)
Mo maxj{a; f(w; 03)} = 30 ot f(w; 07) — maxi{ajf (w; 69}

Without loss of generality, we assume that 6;\/10 = max{ai, el ‘7;\40} and that the maximum is
unique. We focus on models without covariates because the law of iterated expectations implies
that the stated result also holds for models with covariates if it holds for models without covariates.

We first prove the case for the component-specific density function f(w;8) = [1/_, f(y:; 6),
where f(y;;0) is given by ((2))-((3)) with ﬁ]- = 0. Under the normal density function ((2))-
((3)) without covariates, there exists a sufficiently large but finite positive constant B, such that
man{a’]ff(w, [u;, 0]2)} = ajwof(w, ijo, G%AO) when |y;| > Bforallt =1,...,T. Note that

(F@un oy 9 M 1 , 1 .
" N l_[ S, 0 SXP {—U_i(yt —pn)” + Z(TM)Z(% - HMO)

flw; iy, 00) ) @n)20]

o, ’ 1 <
(Y enl 2w S|

2
h t=1

(43)

Then, the integral of the right-hand side of (43) over |y;| > Bfort =1, ..., T is infinite if a% / oﬁo > 2,
and the stated result holds. Conversely, when afl < 20}*&0, the leading coefficient of y? in the
exponent is strictly negative, so the integrand is bounded by a product of Gaussian densities and
the integral is finite. At the boundary o7 = 20}&0, the y? coefficient in the exponent is identically

zero; the integrand then decays at most polynomially in |y;| (the linear terms (u, — p*)y; /o™
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dominate), so the integral over |y;| > B remains infinite and the stated result holds in this case as
well.

When f(y;; 0) is given by normal mixture density (2)-(3), suppose that uj; < pjp < - < g,
forall j =1,...., M. Then, there exists a constant B such that, when y; > Bforallt =1,...,T, we
have max]'{a’]ff(w, 6;)} = ajwof(w, 0),,) and

2 Ke 2
1 1 (y: — uxk. 1 By 1 1y~ H
GfeXp( 2( gj ))ZZT]kafeXp( 2( 0j ))ZGJGXP( 2( 0j )) )

Then, it follows that

T
{f(w; 01)} M, 1+
Faw;04) ((zml/zag) e"p{?z(%‘””)z+2( T 2 Z(% #MOKV}

h t=1

where the integral of the right-hand side over y; > B for t =1, ..., T is infinite if ai / 0]2\20 > 2 asin
(43).
O

Proof of Proposition 6. Collect the score vector for testing Ho 1, for h =1, ..., M into one vector as

5,(W) sa(W) W)

(W) = (~ i ) , where §,(W) = ( & ) and $;0(W) = : , (45)
Sam(W) (Mo+rrli+17+1)xl sw)(W) " S%[\O(W)

where
fW;07) - f(W;0},)

Sa(W) = ; fito(W; 5,

FW;03,, - Fwso3,)) (6)
Vi f(W;07) Vo,or f(W; ;)
sy,(W) = Z ]f (W ) ) and sﬁA(W) = ;MG(W'sR,I )h forh=1,2,..., My,

with Vehng(w; 92) = (C11V9,119h1f*, veey quVthghqf*, C12V9h19h2f*, ceny C(q_l)qVthflghqf*)T for eh =
(611, On2, On3, -y Ong)™ = (un, 03, But, - Pug—2)" and cjx = 1/2 for j # k and cjx = 1 for j = k.
Define

T =EEW)EW)T], I, :=E[3,(W)3,(W)T], Iy :=E[Eua(W)3;(W)T],

L o i s x acls (47)
ITI/‘ = Ij‘-’l’ I/\)\ = E[SA/\(W)S/\A(W)T], IA”] = I}\)\ — IA’?ITI I’IA'

Then, the asymptotic distribution of the normalized score function is given by

5, = \/_ZS(WZ) 5§ ~N(0,1),
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- - T d ~

where, in view of (45), S may be partitioned as S = (S;, SIA)T with n=1/2 3" §;(Wi) — S, and
3 d

nV2y 5w - S

Let §;\,,7 = (Sil\,n’ cee, Sj\\/ff’)T =S — j;\,,j,;lgn ~ N(O, j;\,n) be a RMo@@+1)/2_yalued random

vector. For h = 1,2, ..., My, define f];,,, = E[Sf{/n(Sf\,n)T] and GK,H = (Iﬁ/n)‘ls/}",ﬂ.

Y A
Define t, analogously to £, as

~h .
N J?{ @y, @y = (- Gﬁ/n)TIﬁln(tﬁ -G}, forh=1,2,.,Mo. (49
A A

The local quadratic-form approximation of the log-likelihood function LRY" around
T9M0+1,1 p C ©sy ., has an identical structure to the approximation that we derive in Section
5.1 in testing Hy in the test of homogeneity. Specifically, the bounded ratios a; fj* /&), ensure that
Lemma 1 conditions transfer to the My-component case, and the Hermite polynomial structure

of the score is preserved under the reparameterisation (A;, vj,). Consequently, we can show that
A R
LRQ/IO’h — (t))" 1 ]/{/71 tﬁ. Then, given (25), the asymptotic null distribution of the LRTS for testing

Hy; is given by the maximum over (f‘ﬁ)TI f‘,,’fﬁs for h =1,2,..., Mg. We now proceed with the
proof.

For h = 1,..., M, let N; C ®9M0+1(c) be a sufficiently small closed neighborhood of
®:9M0+l/1h such that ay,ap+1 > 0 holds and ®:9M0+l/1k ¢ N, if k # h. Consider the follow-
ing one-to-one reparameterization from the (Mp + 1)-component model parameter 9p+1 =
(a1,...,amy, 07{,...,0;,07 ..., 9;\er+1)T' Similar to (21), the one-to-one reparameterization
for testing the null hypothesis Hy 1, is given by

A\ 0, — Oy so that 0n\ _ v+(1-1)4A
Vi o T9h+(1—’[)6h+1 011 B rv-—1A ’

and ajis reparameterized for j = 1,2, ..., My as

(T0, -+ ooy =1, T, Tha1 - - s TiMg=1) = (@1, + - o, Qpet, () + Qpe1), g2, - oo, QM)

T=ay/(an + aps)

Mot 2.
j=1 J
Collect the reparameterized parameters except 7 as

so that i, = ap, + ap and i, =1 - 2

T T\T . T T T T T T
lphﬂz(q ,A,)" with r]=(7'(1,...,nMO_l,Gl,...,Gh_l,vh,9h+z,...,9M0+1).

In the reparameterized model, the null restriction 0 = 041 implied by Hy 1, holds if and only
if A, = 0. Under Hp1,, we have A} = 0 and 1 = (o], SHYSYRRY oepT,..., (ijo)T)T. Define the
log-likelihood under the reparameterized parameters as

h-1 My
Ao @ity 0 = 08" @, ), 1) + Y 7 f(w;0))+ Y i f(w; Oju),
j=1 j=h
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where g"(w, i, T) is defined similarly to (33) as

§"w, P, 1) = Tf(w; vy + (1= 10)Ap) + (1= 1) f (w; vy — TAp). (49)

Define the local MLE of ¢ It by

A

Y, . = argmax LZ(I[)M, T), (50)
ll}h,'(eN}:

where L ), ., 1) = X log fﬁoﬂ(wi; Y, ., 7). Because ¥} _ is the only parameter value in Ny
that generates the true density, e~ Y = 0p(1) follows.

Define the LRTS for testing Hy 15 as LRnMO’h = MaXee[e;,1-¢1] 2(LZ(1?),Z,T, T)— Loln(§M0)). Then, in
view of (25), the stated result holds if

d . A1 AM aM
(LRMo 1 LRMoMoyT 5, BT (E, - (F O)Tfnfvfg(g T, (51)
Observe that Lﬁ(l[)hﬂ, T) — LZ(IIJZ’T, 7) admits the same expansion as Ln(lij, a) — L,(¢*, @) in (37)
and (39) when (a, t(Y, @), tA(A, a), Sy, Gy, L, Ry (W, a)) is replaced with

(z, t"(@", ), th(A", 7), Sk, G, I, RI(W", 7)), where (S)!, I") is defined similarly to (S,, Z,) but
(sy,sa1) is replaced with (3,,s!,) and G := (I"-1s!.  Applying the proof of Lemma 1, we

have SZ 4 s" ~ N0, T h ) and 1 Z LNy Then, (51) follows from the proof of Lemma 1 and

Proposition 4 for each local MLE when (G, thI A,) is replaced with (G,’;, f’;, i ﬁrn) and the results

are collected. Joint convergence (5,11, cee, SQ/IO) LA (st,..., M) holds by the multivariate CLT
applied to the stacked score vector (s!(W;)T,...,sM(W;)™)T, which has finite second moments
under Assumption 5(a). The full covariance matrix of the limit, including off-diagonal blocks
Cov(S",8") = E[s"(W)s" (W)T]for h # I’, need not be zero; the stated limit in Proposition 6 is the
maximum of M jointly Gaussian quadratic forms whose dependence structure is fully determined
by this covariance matrix. Applying the continuous mapping theorem to the jointly Gaussian
limit (S%,..., M), together with the continuous mapping (Sﬁ,f ﬁ) — (f;)TI /h‘,vi‘z (continuous
by the local MLE projection argument in the proof of Proposition 4), yields joint convergence
of (LRY!, .. LRy*™). A second application of the continuous mapping theorem with the
continuous max functional then gives (51). The bootstrap in Proposition 7 preserves this joint
distribution consistently, so the critical-value approximation remains valid regardless of the cross-
covariance structure. o

Proof of Proposition 8. We first prove that when M < My, Pr(LRM > 6?{ ] ) = lasn — oco. Under
Assumption 6, by the standard extremum estimator consistency argument (e.g., Theorem 2.1 of

Newey and McFadden, 1994) gives 9 LN 9}, for M < My, where 9, is the pseudo-true parameter
that minimizes the Kullback-Leibler divergence within the M-component model. Because 9}, lies
in the interior of @y, (c) (the mixing proportions are bounded away from 0 and 1, and the variance
ratios are bounded below), it follows from Theorem 3.2 of White (1982) that, for M < M,

Vi — 9%,) 5 N0, AM(8:,) 1 BM(97,) AM(97,)7). (52)
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Then, from (52) and the mean value expansion —noting that M+1 < MoforM =1,..., Mp-1,
so Assumption 6 and the asymptotic-normality result (52) apply to both the M-component and the
(M + 1)-component estimators — we have QM (9)1) — QM (9},) = Op(n‘l/ 2) and

LRM
n
forM=1,2,...,My-1.
Because QM“(SR,[ ) - QM(SR,I) > 0 by Assumption 6(f), LRY /n converges to the positive
constant Z(QM”(S}AH) - QM(S;A)) as n — oo. It remains to show n‘léi\fqn = 0p(1). Since the

= 2(QM Baser) — QM) = 2 (QM1By1) ~ QM) + 0, (D)

bootstrap LRT statistic LR;M converges in distribution to the same chi-bar-squared limit Fy; as the
theoretical statistic (Proposition 7(a)—(b)), applying the Chernoff bound in the proof of Lemma 5 to

.. . . ~ P . . . . .
the bootstrap distribution gives n_lcff an 0 directly, without appealing to quantile consistency.

Therefore, when M < M, we have Pr(LRM > 6?{(1") = Pr(LRM /n > 5{%% /n) = lasn — oo.
When M = M,, because LRM = O,(1) by Proposition 6 and 6?{(1” — oo by g, = o(1),

Pr(LRflA°>6i\f°q)—>0asn—>oo. O
n

Proof of Proposition A.5. We first prove that lim, .« Pr(]\?l pL < Mp) = 0. To show Pr(M rL < Mp) —
0, it suffices to prove that for each M < My,

Pr(ptM > ped®) — o.

By definition,
6,11\4 - &11\/[0 A A Pnkm — Pnk
PP~ (@M@ - QN Ba)) - = 5)
From p,, x = o(n) in Assumption A.3(c),
n, - Pn,k
Pk 7 Prky (54)
n
By the union bound and the triangle inequality, for any € > 0,
Pr([QYBu) - QY (Bu,) - (M350 - Q¥0(8},,))| > 4e)
is at most
Pr(|QBu) - QM(8;)| > €] + Pr(|Q"(Bu,) - Q¥0(3;,)| > ) (55)
+ Pr(|QM@u) - QM@w)| > €) + Pr(|Q1 Busy) - QM0 (B > ). (56)

The consistency of 9 M and 9 M,, together with the Continuous Mapping Theorem, implies that
the two terms in (55) converge to 0 as n — oo.
For small 6 > 0, let B(6,9},) and B(6, 9}, ) be open balls in the parameter spaces ©s,, and

Oy, respectively. Since 9 and 9y, are consistent, with probability approaching one, the two

22



terms in (56) are bounded by

o)

By applying Lemma 2.4 of Newey and McFadden (1994) under Assumption 6(b), and noting that
log gm(w; 9m) is continuous at each 9 and the envelope function supy, g s o) | log gm(w; dm)l

Pr( sup  [QM®M)-QYM®w)|>€) and Pr(  sup QN (Ou,) - QMo (Ou,)
ImEB(5,9,,) Oy €B(,9))

has finite expectation for M < M)y, these two probabilities converge to 0 by the Uniform Law of
Large Numbers. Thus, we obtain

~ A p * *
QY Bum) - Q1 Bus,) — QM(6;) - QM (6;,,)- (57)
Therefore, from (53), (54), and (57), and in view of Assumptions 6(f) and A.3(c), we have

M—pe ) )
PP 2, 65 - @165, < 0.
Hence, Pr(pt’,];/I > p@,zlw %) = 0 for M < My, which proves that

lim Pr(Mp; < Mp) = 0. (58)
n—oo

We proceed to prove that lim,, Pr(]\7IpL > Mp) = 0 by showing that, for M = My +1, ..., M,
Pr(ptM > pf,ﬂwo) — 0 asn — oo,

By definition of p¢M, we have

MBp) — M
Pr(pfé\/f > pgr]leO) = Pr n ( M) n ( Mo) 11— Pn,ky >0l
pl’l,kMO pi’l,kmo
f%(@M)_gﬁ/IO(@MO)

O,(1) by Assumptions A.3(b) and A.4, respectively. Therefore,

For any € > 0, lim;, o Pr > e) = 0 because Pk, — and (%(@M) - Fflwo(@MO) =

~ M ~
5111\4(81\/1) - gn O(SM()) 11— Pn,ky L 1~ lim Pn,kpy

Pn,kum, Pk, n=0 Pk,

7

which is strictly negative by Assumption A.3(d). Thus, Pr(pfM > pf,iwo) — 0 asn — oo, and
lim,, 0o Pr(Mpr > My) = 0 follows.
o

Proof of Proposition A.6. Because E,le ' MO)—E,IlVI 0 (¥,) = Op(1) under standard regularity conditions
in Assumption 6, Assumption A.4 holds when £(8,) — (Mo (®y,) = Op(1) in view of M) —
Mo Oum,) = (M Spm) - Mo ®,) — (oMo (Sn,) - Mo (9},))- Because a consistent MLE is in A, (1)

defined in Appendix A.2, Propositions 3 and A.3 imply that ¢, (‘i’ﬁw, ) -, (‘I’j LT = O,(1), and
the stated result holds. O
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Proof of Corollary 1. It is straightforward to verify that the penalty function p,, x = & log(n) satisfies
Assumption A.3. Thus, result (a) directly follows from Proposition A.6. For (b), Assumption A.3(c)
holds for AIC penalty. Then, repeating the argument in the proof of Proposition A.5 up to (58)
proves that p@,zzw °(p,) > max { pl} ), ..., pfflw 0_1(§M0_1)} holds with probability approaching one
as n — oo. This implies that

lim Pr (MpL > Mo) > hm Pr( Mo+ (Smy+1) > max {p€1(91) rPfrZsz(ﬁMo)})

n—00

= nh_r)rO\O Pr (pdlwoﬂ(@MOH) > p€y°(§M0))

lim Pr (26" Suiger) = 410 Bu)| > 201 — kwr)), (59

n—o0o

where kyj, and kpj,+1 are the number of parameters for My and (Mp + 1) components model. Since

the term 2 | 201 (§,4,41) — €270 (§MO)] is Op(1) and converges in distribution as specified in Propo-

sition 6, and because ky, and kp,+1 are finite, it follows from (59) that lim,,—,« Pr (2\71 pL > MO) > 0,
and part (b) follows. O

Proof of Proposition A.1. Part (a) can be proven by the same argument as Proposition 3. The only
additional requirement is that Assumptions 1, 2, 3, and 5 of Kiefer and Wolfowitz (1956) hold on
the restricted parameter space ©y,(c) (which imposes |01 — 02|| > c1). This is straightforward:
®s,(c) is closed and bounded (compactness is preserved by a lower-bound restriction on a compact
set); the envelope condition (Assumption 5/H3.2) depends only on the density form and not on
the separation constraint, so it carries over unchanged from Proposition 3. The remaining detail is
thus omitted.

The proof for part (b) closely follows Theorem 2(b) in Andrews (2001). For each A € ®;(c1),
we approximate the log-likelihood function ¢2(05, A, a) around the true parameter values (6*,0)
using the partial derivative with respect to 0, and the right partial derivative with respect to a to
obtain

2{€3(02,A, ) = £2(6",1,0)} = Gu(A) T ,(A)Gn(A)
— [Vat(02, @) = Gu(A)] " T, [Vnt(02, @) — Gu(A)] + Ru(62,4, ), (60)

where R, (602, A, a) is a remainder term, and 7 ,(A), G, (A), and £(0;, @) are defined as

1,0 =17 Y SWi)sWiA)T, Gu(A) = T,(1)'8,4(A), and £(6y, ) = (62 o 6*)
i=1

with §,(1) = n1/2 3" s(W;;A) and s(W; A) defined in (2). (6, ) and (B, Dr(6o, 70), Jrr, ZT)
in Andrews (2001) correspond to our ((6,,a)",A) and (n'72,n128,(A), T,(A), G (A)).

We prove the stated result by applying Theorem 2(b) of Andrews (2001) to (60). (B, 0, )
and (Br,Gr, Jn,Zn, Zgrn) in Andrews (2001, pp. 697-699) correspond to our (a,02,A) and
(n'2,8(A), I(A), G(A), G4,0,(A)), where G(A) := T(A)7'S(A), Gu0,(A) := T4 9,(A)"'Sy9,(A), and
¢ in Andrews (2001, pp. 697-699) does not exist in our setting. The stated result then follows
because sg,(w) is identical to the score of the one-component model and /\’ ~(HI 1H")~ 1/\5

Theorem 2(b) of Andrews (2001) is distributed as (max{0, Z 4,9,(A)~ 1 2S..0, (/\)})2 We proceed to
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verify the assumptions of Theorem 2(b) of Andrews (2001) (hereafter, A-Assumptions 2%,3-5,7,
and 8). A-Assumption 22 (a) and (b) follow from our Assumption A.1(a)(b). A-Assumption 22 (c)
holds because our Assumption A.1(c) and (d) and the uniform law of large numbers imply that
SUP xc@p(cr) [|Z1(A) = Z(A)|| —p 0and 7(A) is continuous.

A-Assumption 3 follows from Theorem 10.2 of Pollard (1990) if (i) O, is totally bounded,
(ii) the finite dimensional distributions of G,(-) converge to those of G(-), and (iii) {G,(-) : n >
1} is stochastically equicontinuous. Condition (i) follows from the compactness of @A while
conditions (ii) follow from Assumption A.1(b) and (c) and the multivariate CLT. Condition (iii)
can be verified by our Assumption A.1(b) and (c) and Theorem 2 of Andrews (1994) because
Vi1, log g2(+; 02,4, o) are Lipschitz functions indexed by a finite dimensional parameter A by
Assumption A.1(b). _

A-Assumption 4 follows from Lemma 1 of Andrews (2001) because, for each A € @;(c1),
(02(A), &(A)) = arg Max(g,,a)e@p,x[0,1/2] 02(02, A, a) converges to (65, 0) in probability from the stan-
dard consistency proof. A-Assumption 5 holds because (i) the set [0,1/2] equals a nonnegative
half-line locally around 0, and (ii) ®¢, — 0 is locally equal to R4™(92), A-Assumption 7(a) is not
relevant for our problem. A-Assumptions 7(b) and 8 follow from our proof of A-Assumption 5.

O

The following two proofs rely on Lemma 1 stated in the Lemmas subsection below.

Proof of Proposition A.2. For notational brevity, we drop the superscript j from W, s{: and 7.
By using the Taylor expansion of 21log(1 + x) = 2x — x2(1 + o(1)) for small x, we have uniformly
\pM S NC/\/H’

b (W, ) = 6 (W, 7) = 2 Z 10g(1 + hwyr,i) = 1Py Rhwyei — [1+0,(DIRG, ), (61)
k=1

where hy,,r; := /lw,r,i — 1. The stated result holds if we show that

sup nPn(hgyMT,i) —nty Ttw,/4=0,(1) and (62)
‘PMENc/\/Z

sup  [nPy(hwyei) = ity va(si)/2 +ntw, Tty /8 = o0y(1), (63)
WMGNC/\/Z

because then the right-hand side of (61) is equal to vn t‘TI,M Vn(si)—twy L tlI,MT /2+0p(1) uniformly
inWy € N ¢/
We first show (62). Let

—— 3T
myyri o= lwyei— 1=ty Si+rwye
Observe that

.
max sup [myynl = max sup |ty si+ eyl = 0p(1), (64)
SISNWyeN, SISHWyEeN,
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2
‘I’MT,i

from Assumptions A.2(a) and (c) and Lemma 7. Write 4P,,(h ) as

(V Z‘I’Mr,i + 3)

) = Py(lwyzi = 1 = Py | (bwyyri = 1) —=—— (65)

(Vlwyr,i +1)3 '

4(lg,, i — 1)

(VIwyr,i +1)2

4P, (hy, . ;) = Pu (

From (14),
Pn(llI’Mr,i - 1)2 = t\LMTPn(SiS;)t\PMT + C‘I—’Mrn/ (66)

where Cy,,7n = Zt\TpMTP" [sirwyr,i] + Pn(r\pMT,i)z. It follows from Assumptions A.2(a)(b)(c) and
(E|XY|)? < E|X|?E|Y|? that, uniformly in W € N,
|Cwyienl = Op (Il twyel P[Wa = Wigl)) + Op(n [t we |11 War = Wiyl ) + Op(n [ War — Wiy l1?). (67)

Then, (62) holds because || P, (s;s’) — Z|| = 0,(1) and the second term on the right-hand side of (65)
is bounded by

C sup P, [Im\eriI:}] <op(1) sup Py [m\ZI,MTi] = op(n_l),
WME)VC/W WMENC/\/Z

(Vllll r,i+3)
from SuplIJMENC/W (\/ﬁﬁ < CI (64)/ and Pn(mlzyMTl') = t\-;JMTItlIJMT + Op(”t‘pM’I’llz)'

We proceed to show (63). Consider the following expansion of hy,, i
h‘PMr,i = (l\PMT,z‘ - 1)/2 - h‘ZI’MT,i/z = (t\LMTSi + V\yMT,i)/Z - h‘ZPMr,i/Z' (68)
Then, (63) follows from (62), (68), and Assumptions A.2(d), and the stated result follows. m|

Proof of Proposition A.3. For brevity, we drop the superscript M from sfw and 7M. Define hy, 4 ; :=

vVlw,,a,i — 1. For part (a), it follows from log(1 + x) < x and hw,,4,i = (lw,,a,i —1)/2 - h‘zl'Ma,i/Z (see
(68)) that

(W, @) = (W, @) =2 > 10g(1 + hya i) < 20Py(hwyyai) = Viva(lwyas = 1) = nPu(hy, , ).
k=1
(69)

Observe that h‘ZI,Ma .= (lwya,i — 1?2/ (Vlwyai + 1% > Hlwyai < €} (lwya,i — 1)/ (V& + 1)? for any
x > 0. Therefore,

Pn(hlsza,j) 2 (\/E + 1)_2Pn (]I{Z‘I’Ma,i < K}(Z‘I’Ma,i - 1)2) . (70)
In view of (66), (70) is rewritten as

Pn(hlzyMa,i) = (\/E + 1)_2 {t\LMQ [Pn(sisg) - Pn(ﬂ{l‘l’ma,i > K}Sisg)] tw o + z‘I’Mcm} ’ (71)

where iqrM,m satisfies the bound similar to (67). From Ht')lder’s inequality, we have P,(I{lw,4,; >
kHlsill?) < [Pn({lwya,i > KPP/ @O[P, (|[s]2+0)]%/@+0), where the right-hand side is no larger
than K“S/(“é)Op(l) uniformly in Wy € N;, because (i) it follows from «I{lw, 4, > k} < lw,,a,i
that P,({lw,a; > x}) < x 'Py(lw,a;) and SUPy, en,, |Pn(lwya,i) — 11 = o0p(1) from As-
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sumptions A.2(d)(e), and (i) P,(|si|*") = Op(1) from Assumption A.2(a). Consequently,
P(supq,MeNm Py({ly,ai > x}Isill?>) = Amin/4) — 0 as k — oo, where A, is the smallest
eigenvalue of 7. Hence, we can write (71) as P”(h‘ZIfMa,i) > 7(1+ Op(l))t\TpMaItha + %zq:Mm
for 7 := 2(vk +1)7% > 0 by taking « sufficiently large. Because Vv, (hpya,i —1) = ity ,va(si)+
Op (V|| twyalll| Wy — Wyyll) from Assumptions A.2(d) and because z\yMan satisfies the bound
analogous to (67), it follows from (69) that, uniformly in Wy; € N,

N < (W, @) — £,(W),, @)
T %
< Vnty, 4va(si) = S+ op(nty T twya + Op(Villtwalll[¥r — Wy,ll)
+ Oy (1| twyal I Wy — Wiy l) + Op(ltwyal [ Wh — Wil) + Op([Wh = Wi l1?).  (72)

LetT, := Il/zx/ﬁt\pMa. From (72), Assumptions A.2(b) and (e), and the fact |[[W) — W, || — 0 if
ty,,» — 0, we obtain

" T
—1 < ba(Wnm, @) = 6(Wy, @) < [[Ta||Op(1) - EIITnII2 +0p(ITall?) + 0p (1 Tul1) + 05(1),

uniformly in Wy € N;,. By rearranging the inequality and choosing a sufficiently large constant
C, we have ||T,||C — (t/2)||Tx||*> + C > 0 with an arbitrarily high probability. Namely, for any
0 > 0, there exist C, ng < oo such that

P( inf ||T.||C = (t/2)||TH]|>+C>0|>1-0, forall n > n. (73)
WMENgn

Rearranging the terms inside P() gives supy, . Ne, (|1T4|| = (C/1))* < 2C/7 + (C/7)?. Taking its

square root gives P(supy, cn. [|Txll < C1) 21— 0 for a constant Cy, and part (a) follows. Part (b)

follows from part (a) and Proposition A.2. ]

A.6 Proof of Bootstrap Validity

The key technical ingredient is the following lemma, which shows that the null distribution of the
LRT is invariant under local perturbations of the null parameter. This is the panel analogue of
Lemma 12 in the supplementary appendix of Kasahara and Shimotsu (2019).

Lemma 1 (Stability of the LRT under local null perturbations). Let C,, denote the set of sequences
{Vu}ns1 satisfying \n(v, —v*) — h, for some finite h,, € R%. For each such sequence, let Py denote the
product probability measure under which W, . .., W, arei.i.d. from the Mo-component density g, (- ; V).

(a) Suppose Assumptions 1 and 4 hold and My = 1. For every {v,} € C,, the LRT statistic LR, under
Py converges in distribution to the same limit as under P,,., namely ?}I A ta (Proposition 4).

2

(b) Suppose Assumptions 1, 3, and 5 hold and My = M > 2. For every {vy,} € C,, the
LRT statistic LRY under Py converges in distribution to the same limit as under P}, namely

.....

Proof of Lemma 1. We prove part (a); part (b) follows by the same argument applied to each local
LRT statistic LRQ/IO’h, h=1,..., My, in the decomposition (25).
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Set h = (h,,0")T. The proof proceeds in four steps.

Step 1 (LAN and contiguity of the null model). Under P}, the correctly specified Mo-component
modelis aregular parametric family: Assumption 6(c) places 9}, intheinterior of ®y,, , (d) ensures
non-singularity of the information matrix 1, = BMo (8}‘\40), and (e) provides smooth local identifi-
cation. These conditions, together with the finite moment requirements in Assumption 4(a), yield
the standard LAN expansion

ap,,

dpl;n =hy Svn =3 hy Ly hy +0p,.(1), (74)
n

log

where S,, = n~1/2 21 Vo log gm,(Wi; v*) is the null-model score. Since Sy, i N(0, 7,) under
P7., mutual contiguity of P;; and Pj,. follows from Le Cam’s first lemma (Lehmann and Romano,
2005, Corollary 12.3.1).

Step 2 (Score shift under contiguity). At the null point (v*,A = 0), the two-component density
reduces to the one-component density: g»(W;v*,0) = g1(W; v*). Hence the nuisance component
of the two-component score coincides with the null-model score: s,(W;) = V, log g(W;v*,0) =
Vylog ¢1(Wi;v*). The full score vector S, = (S,,, SL)T of the two-component model satisfies
S, 4 N(0, ) under Pj. by Lemma 1(b)—(c). Joint convergence of (S,,log dP; /dP}.) follows from
the multivariate CLT applied to (s(W;), V, log g1(W;; v*)) together with the LAN expansion (74).
Because s, (W;) appears in both vectors, the cross-covariance is

Cov(Sy, hy,Syn) =T h,

where the last equality uses h = (h,,,07)T and the block structure 7 = ( ;A"V 22 ). By Le Cam’s third

lemma (Lehmann and Romano, 2005, Corollary 12.3.2) (the corollary is stated for scalar statistics;
the vector conclusion follows by applying it to every linear combination a’S, and invoking the
Cramér-Wold device) under Py :

S, L N(Ih, T). (75)

Step 3 (Cancellation in the projected score). From (75), under P;; the component-wise means are
E[Svu] =1, hy and E[San] = T ay hy. The projected score (cf. the proof of Proposition 4) is

S/\,vn = San— T av I;l Svn.
Under Py , its mean is
E[S/\,Vn] = I/\v hv _IAVI;lfv hv =0,

and its variance remains the Schur complement Var[S; x| = Zaa — L a0 I ;1 I,) =:1,, (using the
notation of equation (22)), identical to the distribution under Pj,..

Step 4 (LRT distribution is unchanged). Contiguity of P;; and P;. preserves convergence in
probability (Le Cam’s first lemma; Corollary 12.3.1 of Lehmann and Romano 2005). Therefore,

I, LN JandR,(W,, a) = 0,(1) (Lemma 1(a)(c)) continue to hold under P;; . Combined with Step 3,
the proof of Proposition 4 goes through identically under P;; . In particular, the LRT expansion (41)
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gives
LR, = max C,(Vnti(As, @) +o0p(1),

a€lcy,1-c1]

where C,, depends on the data only through G, :== 1 X,lv SAvn LN 0,1 /{,11,) under P; (by Step 3).
Hence LR has the same limiting distribution under P} as under P}.. O

Proof of Proposition 7. The proof follows the argument in the proof of Theorem 15.4.2 of Lehmann
and Romano (2005); see also the supplementary appendix of Kasahara and Shimotsu (2019), which
establishes an analogous bootstrap validity result for multivariate normal mixture models using a
similar proof strategy.

Part (a). Under Hy: My = 1, the MLE 8 of the one-component model satisfies \/ﬁ(@l -9 i) H
for a P,+-a.s. finite random variable H, by Assumption 6(a)-(d) applied with M = 1 (standard
regular-MLE asymptotics under the correctly specified one-component model).

By the Almost Sure Representation Theorem (Lehmann and Romano, 2005, Theorem 11.2.19),
there exist random variables 81 and H defined on a common probability space such that

(1) 9, and 9, have the same distribution, and
(ii) V(91 —9;) — H almost surely.

Identifying v, = 91 in the reparameterised two-component model, property (ii) gives {v, } € C,
with probability one. The bootstrap generates W, ..., W7, i.i.d. from g1(-;91), and the bootstrap
LRT LR} is computed on this sample. By Lemma 1(a), conditionally on 91,

d -
LR, — F; under Pg for a.e. realisation of 9.
1

Since 97 and 9, have the same distribution (property (i), it follows that P*(LR}, < x | data) LN
Fi(x) at every continuity point x of F;.

Part (b). Under Hy: My = M with M > 2, the restricted MLE 9, satisfies \n (éM ) i> H by
Assumpt1on 6(a)—-(d). Before invoking Lemma 1(b), we verify that the (M +1)-component bootstrap
MLE 98,,,, is interior to ©s,,,,(c) with bootstrap probability approachmg 1 in outer probability.

Under the bootstrap law, data are drawn from gu(- ,SM) with 9y LR 9} By Assumption 5(c),
the (M + 1)-component pseudo-true parameter 9}, is interior to ®y,,,, (c). Standard continuity-
of-extremum-estimators arguments (e.g., Newey and McFadden 1994, Theorem 2.1) applied to the
bootstrap log-likelihood, which converges uniformly to QM*! under the bootstrap law, then imply

S Ly W41 In outer probability, ensuring interiority with bootstrap probability approaching 1.
Repeating the Almost Sure Representation argument with Lemma 1(b) in place of (a) yields the
stated result.

Part (c). We verify the two conditions needed for sequential consistency:.

Under-fitted models (M < My): By Assumption 6(f), n 7! LRM LN OM*1(97,,,)—-QM(9},) > 0. The
bootstrap critical value éifg _is the (1 - g4)-quantile of the bootstrap distribution, which converges
to Fpr by parts (a)-(b). Applying the Chernoff bound in the proof of Lemma 5 to the bootstrap null

-1

distribution gives n 6;_/\;1 ) %5 0. Hence Hy: My = M is rejected with probability approaching one.
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Correctly specified model (M = Mp): We show E;’A;IZ % . Parts (a)-(b) establish that

* d . - . +
LR,{M * | data — Fp, in probability, i.e., P’*(LR,{M0 < x | data) LN Fay(x) for each con-
tinuity point x of Fpj. Since Fp, is continuous, the Polya theorem upgrades this to uni-

form convergence: supx|P*(LR:[M° < x | data) — Fa,(x)| LA 0. For any K > 0, this gives

P"(LR:;M0 > K | data) L Fay(K) > 0. Since q, — 0, for all large enough n we have

gn < 1 — Fp,(K), which forces 6;}33 > K with probability approaching one. Because K is ar-

bitrary, qf\gz 2, . Since LRM = O,(1) under Hy (Proposition 6),

P(LRQAO > cl_A;O) < P(LRQAO > K) + P(é}’fgg < K) 5 1= Fay(K) + 0

A%

for every K > 0. Taking K — oo yields P(LRMo > cl’f\g ') — 0, so Hp is not rejected with probability

approaching one. Therefore ZVILRT = Mo + 0,(1). O

Remark 1 (Penalised bootstrap). In the implementation, both estimation and bootstrap re-estimation
maximise the penalised log-likelihood €5 (8) := £,(9) + p(9), where the logarithmic boundary-repulsion
penalty is

M M Ke
p(®) = (a,-1) ) logaj + ) (a;=1) ) log Tjx (76)
j=1 j=1 k=1

for the static model. The penalty p(9) is C2 on the interior of g, (as a sum of log functions of parameters
bounded away from zero). Variances are regularised only through the hard floor 0]2 > 682, which does not
correspond to a fixed additive term in p(8). We verify that the penalised bootstrap is first-order asymptotically
equivalent to the restricted bootstrap.

Null-model estimator equivalence. Under Hy: My = M, the restricted MLLE S is interior to ®g,, by
Assumption 6(c). At any interior point, the penalty gradient satisfies Vp(8) = O(1) because the logarithmic-
penalty derivatives are bounded away from zero at interior points, and the variance floor bounds variances
away from zero. The penalised score equation is 3./ s(W;;9) + Vp(9) = 0. Expanding around 8

apen

8y — I = —[V0OmI'VPBm) + 0p(n™1) = Op(n7") = 0,(n '), (77)

since V2?4, = O, (n) (Assumption 6(d)—(e)) and Vp(@M) = O,(1) by interiority. Consequently, \/ﬁ(@ﬁ/}m -
9y) = Vn(dyp — 9)) + 0p(1), so the Almost Sure Representation argument in Proposition 7 goes through
with the penalised MLE in place of the restricted MLE.

LRT equivalence. The LRT is computed using the sample log-likelihood {,, evaluated at the penalised MLEs.
For the null model: |£M(8%™) — eM(3y)| = Op(\n) - Op(n™) = 0,(1), by a Taylor expansion around
S and the score being O,(v/n) at the true value. For the alternative (M+1)-component model under Ho:
the penalised MILE @I;;L is also interior (the logarithmic penalties bound the mixing proportions and sub-
component weights away from zero, and the variance floor bounds variances away from zero), and the same
Taylor argument gives |€,’1\A+1(9§4€il —f,ﬁ’I*l(@MH)l = 0,(1). Combining both sides: ILRP" ~LR,| = 0p(1).
Bootstrap law. The same bounds hold conditionally on the data for the bootstrap penalised LRT, because
the bootstrap data is generated from the penalised null-model MILE (which is interior) and the bootstrap re-

estimation uses the same penalty. Therefore, the penalised bootstrap is first-order asymptotically equivalent
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to the restricted bootstrap, and Proposition 7 applies. The logarithmic-penalty terms in (76) diverge to —oo as
aj — 0or Tjx — 0, providing smooth boundary repulsion that complements the hard constraints (including
the variance floor) in ®g,,(c).

A.7 Lemmas
Lemma 2. For any x < oo, Pr (—logn + {(W;; Y, s2) < x) = exp(~=Crn'/T) as n — oo, where Cr for

T = 2,3, .. are some positive constant that depends on x and T.

Proof of Lemma 2. Because ZT M =T —1wheni =i, we have

si*

= —log (Bn ()(%/T_l)T/Z) (78)

i .— (2na 2 T-1
with B := | 5% exp(—~) > 0and

(T -1)s?
XieT-1°= 7 2
Therefore, to prove the stated result, it suffices to show that for any € = exp(-«)/B > 0,
T/2
Pr (n ()(Z%,T_l) ) Pr( X1 > (e/n)z/T) — 0 as n — oco. Given the property of the first-

order statistic, the distribution function of )(1% r_1 is given by 1 — [1 — Fr_1(t)]", where F(t) is the
cumulative distribution function for chi-squared variables with k degree of freedom. It follows

a e ()= [rore ()]

For any finite T > 2, write

L nFra((e/n)?T)
[1 Fr-1((e/n)?'T) ] {[1 Fr_ 1((€/n)2/T)]FT l«e/n)z/T)} = ) (79)
Then, because (1 — F )% — % when F — 0, the stated result follows from (79) if we can show
2/T
Fra(ex)™) =0 YTyasx — 0 (80)

X

for x = 1/n, where (79)-(80) imply that log [1 - FT_l((e/n)z/T)]n < —Crn''T for some positive
constant Ct when # is sufficiently large.

For small ¢, the CDF Fi(t) can be expanded as Fi(t) = %
lettingk =T -1andt = (ex)?T = (ex)?/*+1) and simplifying the exponent (x
we have

+o(t*/?)ast — 0. Then,
2/(k+1))k/2 = yk/(k+1)

(Ex)k/(k+1)

k/(k+1)
———  + 0((EX asx — 0.
2K/2T(k/2 + 1) ((ex) )

Froi((ex)*T) =
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k/(k+1)-1

Therefore, given finite € > 0, noting that x = x Y+ we have

Fr_i((ex)?T) ekl =1/(k+1)

=1/(k+1)y _ -1/(k+1)
= +o(x =0(x asx — 0,
x 2k12T(k /2 + 1) ( ) ( )

and the equation (80) follows with k +1 =T.

Lemma 3. For any M < oo, Pr (—4logn + ¢(W;:; Y-, s%) < M) — las n — oo.

_ T/2
Proof. Following the proof of Lemma 2, because —4log n +{(W-; Y;-, 512) = —log (Bn4 ()(12 T—l) ),
n
it suffices to show that, for any € > 0, Pr ()(12 T > (e/n4)2/T) = [1 - FT_l((e/n4)2/T)] — 1as
n — oo. For any finite T > 2, write

[1= Fraale/n?m)|" = {[1 = Eroa(teptprmy e (51)

Then, because (1 — F)% — % when F — 0, the stated result follows from (81) if we can show

w — 0as x — 0 for x = 1/n. By applying L'Hopital’s rule, we have

o Frallext?h)

chl—>0 . = chii%fT—l((€x4)2/T)GZ/T(S/T)xS/T_l — chli% CT,ee_((ex4)2/T)/2x3_% -0,
= (T-1)/
where Cre = —2(;;}/211-:(;?_/3/2) because e—((€x4)2/T)/2 — 1 and xa—% — 0as x — 0 for any finite
T>2. 5

Proof of Lemma 1. The proof follows that of Proposition 2 in Kasahara and Shimotsu (2012). For a
vector x and a function f(x), let V.« f (x) denote its k-th derivative with respect to x, which can be
a multidimensional array. Observe that for any finite k and for a neighborhood N of 1", we obtain

ElVeg(Wi ', a)/g(Wis 9", a)l|* < oo,

Ell sup V,ilogg(Wiy,a)l|* <o
1[;e®¢ﬂN

(82)

because each element of V,« log g(ylx, z; Y, a) is written as a sum of products of Hermite polyno-
mials. Note also that the following holds:

Vr])\jLn(‘Iﬁ/ 0() = 0/ V/\,'AjAkLn(‘p*/ 0() = Op(nl/z)l (83)
Vi Ly (W, a) = Op(n), VgL (W7, @) = Op(n), (84)

where equation (83) follows from Lemma 6(a), (c), and (d) and (82) and equation (84) is a simple
consequence of (82). For a neighborhood N of W*,

sup |n_1V(4)Ln(‘I’, a)— EV® log g(W;; W, a)| =0,(1), (85)
We®OynNN
EV® log g(W;; W, a) is continuous in Y€ Oy N N. (86)
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Equations (85) and (86) follow from Lemma 2.4 of Newey and McFadden (1994) and the fact that
Vyr log g(w; 1P, @) is written as a sum of products of Hermite polynomials.

Taking a fourth-order Taylor expansion of L, (1, @) around ¢ and using (82) and (83), we can
write L, (¢, @) — L, (¢*, @) as the sum of the relevant terms and the remainder term as follows:

La(@p, a) - Lu(y", a) =

9 4
* * 1 * * * 1 *
VaLu@ =) + 5,00 =17) Ve LG = 1) + 5 Z Z Vi Ludid; (87)
) Ti=1 j=1
3 9 49
+ 5ZZ( — 1) Vi, LyAid (88)
i=1 j=1
1 9 9 49 19
0 2020 20 2 VL dididkAe + Ru(4p, @), (89)
Ti=1 j=1 k=1 (=1

where VL; denotes the derivative of L, (1, a) evaluated at (¢*, @). In view of (83) and (84), the
remainder term is written as

9 49 9 q
Ru(W,a) = Op(n'/?) 3 3" > Aidjdi+ Op(m) | 3l =1 IPAi + 1l =711 (90)

i=1 j=1 k=1 i=1

(Il = 11* + g = 1PIA + g = 1PIAA)] + L = g1 AiAAk]) 91)

M= I0-

{V)\i/\j/\kAgLn (ll}+/ 0() - VAi/\/-/\kMLn (l/}*/ Ot)}Aj/\]'/\kA[ (92)

with ' being between 1 and ¢*. Because |[Vnt(y,a)||> = n|ln — n*||? +n Z?zl Z;‘:] a?(1 -
a)2|AiAJ-|2, the right-hand side of (90) and the terms in (91) are bounded by O, (1)(||Vnt(y, a)|| +
[IVaEp, 217 - 171l + [[Al]). In view of (85) and (86), (92) is bounded by || yit(p, ) 2d(p") +
op(1)]withd(ip") — 0asyp’ — ¢, where a function d(p") corresponds to nTE[V 001, L W', a)-
Viaa La(@", a)]. Therefore, Ry (1, a) = (1 + |[Nnt(yp, &)l *[d(@") + 0p(1) + Op(llyp — ¢"|])], and
part (a) follows.

Part (b) follows from Lemma 6(c) and (d), the Lindeberg-Levy central limit theorem, and the
finiteness of 1 in part (c).

For part (c), we first provide the formula of 7. Partition 7, as

I I
In:(ff;n ;:nn), Inn:qxq/ Ir])\n35]xq2\/ IAHIEI/\XC]/\/
where g1 = q(q + 1)/2. Iy, is given by I, = —n‘lv,mTLn(z,b*, a). For Iy, let Ajj =
n-lv,,MjLn(gb*, «) and write the term in (88) as (1/2) Z?Zl 2;7:1(’7 )T AjjAidj=n 2?21 ;-:1(11 -
)" AjjcijAiAj, where ¢;; = 1/2 if i = j, and ¢;; = 1if i # j. Then, by defining Ty, =
—(A11,...,Ag5,A12, ..., Ay1,9)/a(l — @), the term in (88) equals —n(n — 11°)" Tyau[a(l — a)v(d)].
For 1,,, define Bjjxe = n‘1(8/4!)VAi,\jAWLn(‘I’*,a) so that the first term in (89) is written as
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(n/8) 21, 27:1 Sy o Bijkehididkde = (n/2) B Xi B, Sh_q cijckeBijkedidjAkAy.  Define
I ), such that the (ij, kf) element of 1, is —Ci]'CkgBl']'k(/Oéz(l — a)?, where the values of ij run
over {(1,1),...,(q9,9),(1,2),...,(g —1,9)}. Then, the first term in (89) equals —(1n/2)[a(1 -
a)v(A)]' T in[a(l — a)v(A)]. With this definition of 7, the expansion (87)-(89) is written as (36)
in terms of \Vnt(y, a).

We now show that 7, —, 1. I, —, I, holds trivially. For 1;,,, it follows from Lemma
6(c) and the law of large numbers that A;; —, —E[V,[(W;{", a)V;Mjl(W; Y*, a)], giving I yan —
E [s,,sLl Ja(l - a)] = Iya. For I,,, Lemma 6(d) and (e) and the law of large numbers imply that
Z?:l Z;I:l Zzzl ZZ:l BijkeAidjAkAe —p
-1, 2;’21 1 Zh EIVAL LW 9%, @)V, L(W; 9%, a)]AiAjAkAe, where the factor (8/4!) = 1/3
in Bjjx¢ and the three derivatives on the right-hand side of Lemma 6(e) cancel each other out.
Therefore, we have 1, —, E [s,\AsIA/(xz(l - a)z] =1),and I, —, I follows.

We complete the proof of part (c) by showing that 7 = E[s(W)s(W)T] s finite and non-singular.
Note that s(W) can be expressed in Hermite polynomials as in (19). Then, the finiteness of 7 follows
from Assumption 4(a) and the definition of Hermite polynomials.

To show that 1 is positive definite, it suffices to show that there exists no multicollinearity in
s(w). Suppose, to the contrary, that s(w) is multicollinear and that there exists a non-zero vector
a that solves the equation a"s(w) = 0 for all values of w. Partition s(w) as s(w) = (s&), s&))T

With s = (S, 80, 51,0 S1,0051,,) " and s(g) = (s'ﬁr, s-A'—“ﬁ, s;[aﬁ, S-Arﬁﬁ T, where s(w) is defined in (2)
and (19). Similarly, partition a as a = (a] Y (ﬁ))T so that
a's(w) = aal)s(y) + a(Tﬁ)s(ﬁ). (93)

By Assumption 4(b) and the property of Hermite polynomials, if a's(w) = 0 for all w, then

ap =0
Then, in view of (93), the stated result follows if we can show that a(T“)s(“) = 0 for all w implies

a() = 0. Suppose that

T T
ual)s(#) = “#ZH}*JF(”G +aAw)ZHf*+ Al ZH“H“
t=1

t=1 s#t

+a,, i HtS* +ay,, Z Z Hl*HZ* +3a,,, Z H4* Z HZ*HZ* _
t=1 s#t

t=1 t=1 s#t

for all w, where Ht]* for j =1,2,3is defined in (18) in Appendix A.3.2.

Because the above equation holds for all values of w, with the property of the Hermite poly-
nomials, we have a, = 0, (as +ap,,) = 0,a,,, = 0,a,,, = 0,a,,, = 0. This implies that 4, = 0.
Therefore, no multicollinearity exists in s(w) and 7 is non-singular, proving part (c).

The proof of part (d) closely follows the proof of Theorem 1 of Andrews (1999). Let T, :=
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I }1/ Zx/ﬁ t(W,, a). Then, in view of (36), we have

0< Ly, @) — Ly(y", a)
- 1 .
= TnInl/zsn - E”TnHz + Rn(‘l)a/ 0()
1 -
= Op(ITull) = STl + (1 + 112, Tul 0, (1)

1
=|[Tul|Op(1) - EIITnII2 +0p(IITulD) + 0p (I Tall?) + 0p(1),

where the third equality holds because I;l/zsn = Op(1) and Rn(li)a,a) = 0p((1 + ||I,_11/2Tn||)2)
from part (a). Rearranging this equation yields ||T,||> < 2||T|| Op(1) + 0p(1). Denote the O,(1)
term by ¢,. Then, (||Tx|| — cn)* < ¢2 + 0p(1) = O,(1); taking its square root gives ||T,|| < Op(1).
In conjunction with 7, —, I, we obtain vn t(W,,a) = O,(1), and part (d) follows.

O

Lemma 4 (Linear independence of posterior-weighted Hermite functions). Let * € (0,1), 6* > 0,
and yy, W, € Rwith uy # . Define the densities ¢i(y) = (") Lo ((y - up)/ o) for k = 1,2, the mixture

density f*(y) := T°¢p1(y) + (1 — T°)p2(y), the posterior weights yi(y) := 1, ¢ (y)/ f*(y) with 7} := T" and
Ty := 1 — 1", and the Hermite functions H{*(y) := (¢*)™"H*((y — p)/0"), where H* is the probabilists’
Hermite polynomial of degree a as defined in (18). Set

01(y) = d2(y) _ 1Y) _ 12
) ™ 1-7
Va(y) = 11(»)H"(v), (94)
Va(y) = y2(y)Hy (),
Va(y) = yi)HT () + 72(y)H3 ().

Vi(y) =

The five functions {1, V1, Va, V3, V4} are linearly independent on R.

Proof. Suppose CQ+Z?:1 ¢;jVj(y) = 0forally € R. Multiplying by f*(y) > 0 and using the Rodrigues
identity for the probabilists” Hermite polynomials,

HE () oi(y) = (=195 Pi(y), (95)

yields the identity
Pi(y) p1(y) + Pa(y) ¢2(y) =0 Vy €R,

where P1, P, are polynomials of degree at most 2 in y depending linearly on (cy, . . ., c4). Both sides
are real-analytic, so the identity holds for all y € R.
Without loss of generality assume u; < u3. Dividing by ¢2(y) > 0,

P1(y)
P2(y)

oty _ (Wi =

Pl(y) @2(]/) =exp o*2 25*2

+Pay) =0, (96)

Since pj < pj, the exponential factor decays to 0 as y — +oo super-polynomially, so
Pi(y)p1(y)/ p2(y) — 0. Taking y — +oco in (96) forces Po(y) — 0; but P, is a polynomial in
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y, so P, = 0. Substituting back, P; = 0. Reading off the coefficients of the zero polynomials Py, P>
in terms of (co, ..., c4) yieldsco =c1 =cx =c3 =¢c4 =0.

The above linear-independence statement for posterior-weighted Hermite functions at two
distinct centres is the classical identifiability result for finite normal mixtures with equal variance
and distinct means, due to Teicher (1963) and Yakowitz and Spragins (1968); we have given a
self-contained derivation specialised to the auxiliary basis required below. m]

Remark 2. The proof of Lemma 4 extends mechanically to any Ke > 2 provided the within-type means
Wi, Py are pairwise distinct (Assumption 1). One obtains an identity Zfil Pr(y)di(y) = 0 with Py
polynomials of degree at most 2(Ke — 1); ordering uj < --- < py_and taking y — +oo peels off Pk, = 0,
then Px.—1 = 0, etc., by iteration.

Assumption MOD-1 (stated in the main text) is the natural cross-period strengthening of
Assumption 4(b). It is automatically implied by the conjunction of Assumption 4(b) and Assump-
tion 3’s “identifying covariate variation” clause whenever (X;, X) admits a joint density positive
on an open set of R?7. This condition holds in the empirical specifications of Section 7, where X
is a continuous panel process with non-degenerate joint distribution across t. It rules out degen-
erate panel-covariate processes such as perfect persistence (X1 = X3) or supports concentrated on
polynomial varieties (e.g. {X1X, = 0} a.s.) for which Assumption 4(b) by itself does not control

the bilinear cross-period design rank.!

Proof of Lemma 2. Parts (a), (b), and (d) extend from the proof of Lemma 1 verbatim: each element
of VIPk log g(w; P, @) for k < 4 is a finite sum of products of posterior probabilities yx; € [0,1],
Hermite polynomials of degree at most 4, and (when covariates are present) monomials in X; of
degree at most 2. The derivative bounds (82)—(86) and the Bartlett-style identities of Lemma 6
continue to apply, and the Lindeberg-Lévy CLT, the uniform LLN of Newey and McFadden (1994),
and the boundary-MLE argument of Andrews (1999) proceed exactly as in the proof of Lemma 1.

It remains to prove part (c). Finiteness of I = E[s(W)s(W)T] follows because each entry is a
polynomial of degree at most 4 in the standardised residuals Zy; = (Y; = X " — yi;)/0" and degree
at most 2 in X;; the standardised residuals have all polynomial moments, and Assumption 4 (a)
supplies the required 9th moment of X (more than enough to cover degree 4 after squaring).

Non-singularity: suppose, toward a contradiction, that a non-zero vector a satisfies
a’s(W) = 0 as. We will deduce a = 0. Partition a into a first-order block a; :=
(ac,ayy, ayy, ag, a;)T and a (4 + g) X (4 + q) symmetric matrix Ay collecting the ten AAT coef-
ficients (a,._, Ay 7 Py 7 Mgy 7 Py 1 By 1 A7 Ay s A s a,,,) together with the Ag-blocks.

Write the standardised residual 17; = Y; — X/ B". By (22)~(23) together with Lemma 6(c), the
score admits the U-statistic representation

T

aTs(W) = > 1, (Y, Xi) + ) V) TM(X,, X,) V(Yo), 97)
t=1 t#s

where V(Y;) := (Vi(Y)), Va(Y)), Va(Y), Va(Y;))T is the auxiliary basis of Lemma 4, 1,, collects the
single-period first-order and same-t second-order contributions, and M (X, X) = J(X;) "AaJ(Xs)

1 An adversarial counterexample illustrates the necessity. Take t* = 1/2, y’i =0, yg =1,0"=1T=24=1,and
Px{(X1,X3) € {(0,0),(1,0),(0,1)}} = 1/3 each. Then E[UU "] is non-singular (LRT1(b) holds), yet X1X» = 0 a.s., so
the matrix B = diag(0, 1) # 0 satisfies U BUy = XX = 0 a.s. The implication “U{BU; = 0 a:s. = B = 0” therefore
requires Assumption MOD-1, not merely Assumption 4(b).

36



for a deterministic block matrix J(x) € R*+9** whose first four rows are I (no x-factor) and
whose lower g-block inserts x in the V,- and V3-slots (the f-block columns). The factorisation
J(x)v = L(v)U with U = (1,x7)T and L(v) a deterministic linear map of v € R* records the explicit
dependence on U.

Step 1 (Mixed-difference identity). Since f*(y | x) > 0 everywhere, a”s(W) = 0 a.s. implies the
identity holds for all (Y, X) in the joint support. Because T > 2 (Assumption 3), we may apply
the bivariate mixed difference operator A := ANAN that holds Yg, e, YT and X4, ..., X fixed
and takes

Ah(Y1, Ya) := h(J1, 2) — h(z1, T2) — h(1, 22) + h(z1, 22),

for arbitrary y1, y2,z1,z2 € R. All single-period terms ual(i, X;) in (97) are additively separable
in (1, y2) (they depend on at most one of them at a time) and so are annihilated by A. Using
symmetry M(X, X1)" = M(X1, X2), the cross-period sum reduces to a single (t,s) = (1,2) pair
after applying A:

2(V(h) - V(z1) ' M(X1,X2) (V(I2) - V(z2) =0 (98)
for almost every (1, z1, 2, z2) € R* and for (X1, X») in the joint support.

Step 2 (Ajyx = 0). By Lemma 4, the five functions {1, V1, V2, V3, V4} are linearly independent on
R, so the difference set {V(y) — V(z) : ¥, z € R} spans R*. Therefore (98) forces

M(X1,X2) =J(X1)"AJ(X2) =0 as.

For any fixed v1, v, € R*, write J(X;)v; = L(v;)U;. Then UlTL(vl)TAML(vz)Uz = 0 a.s. over the
joint distribution of (U1, U>). Vectorising, (U1 @ Uz) " VeC(L(Z)1)TA)\/\L(’02)) =0a.s.over (U1 ® U>).
By Assumption MOD-1, E[(U; ® U)(U; ® U;)"] is non-singular, hence L(v1)" A L(vz) = 0 for
every fixed v1,v; € R*. Standard basis variations of (v1, v») then force each block of A, to zero,
so Ay = 0 identically.

Step 3 (a1 = 0). With A), = 0, the identity (97) reduces to

T
Z[EITW(YO + (ay, + X[ apg)Vo(Yy) + (ay, + X[ apg2)Va(Vy) + a,Va(Vs)| =0 as,,
=1

where ag1 and agp are the B-coefficients in the score components that multiply V> and V; re-
spectively (they coincide if the f8;-block is not type-specific; the proof goes through with separate

coefficients in either case). Varying Y; alone forces the bracketed function of Yj to equal a constant.
By Lemma 4, the basis {1, Vi, V», V3, V4} is linearly independent, so the coefficient on each V; must
equal zero, while the constant absorbs the only constant-function direction. Hence

a;=0, a,=0, ay, +Xlag1=0, au,+X agp=0 as. Xi.

Writing the last two equations as (a,, a;’j )JU1 =0a.s. for j = 1,2 and invoking Assumption 4(b)
(non-singularity of E[UU ")) yields ay; = 0and ag; = 0. Hence a1 = 0.

Step 4 (Conclusion). Combining Steps 2 and 3, a = 0, contradicting the hypothesis. Therefore 7
is positive definite.

Quantitative rank certificate. Specialised to the no-covariate sub-system in the (y, 7, 0)-block (i.e.
ag = 0and q = 0), the proof produces a 14 X 14 linear system on the fourteen non-# coordinates of
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a. A choice of fourteen non-redundant linear functionals from Steps 2 and 3 yields a matrix whose

determinant is .

" 16 (1 —1*)’

strictly positive on 7 € (0,1). A symbolic verification using SymPy is provided in
memo_keps2_nonsingularity_det.sympy.txt (run memo_keps2_nonsingularity_det.sympy.py); evalua-
tions at t* € {1/10,1/4,1/2,3/4,9/10} give determinants {25/36,1/3,1/4,1/3,25/36}. O

det

Remark 3. Lemma 2 converts the non-singularity of I for K > 2, currently maintained as Assumption 4(c),
into an analytical consequence of Assumptions 1 (with K¢ = 2), 3, 4 (a)(b)(d), and MOD-1. Propositions 4,
6, and 7 currently rely on the maintained hypothesis for K. = 2; they therefore hold unconditionally for
Ke = 2 under this strengthening. The strengthening is automatically satisfied in the empirical specifications
of Section 7, where the input vector xiy = (ki, lir, vi¢) T admits a joint density positive on an open set across
consecutive years. The proof extends to K. > 3 mutatis mutandis via the iterated phase-peeling argument
of Remark 2.

-1.M _

Lemma 5. Suppose that the assumptions in Proposition 8 hold. If —-n~'log g, = o(1), then n ¢y, =

o(1).

Proof. For brevity of notation, write ¢, = cM

=g By Theorem 2.1 of Foutz and Srivastava (1977),

d
PLR,(M) — Zle b; )(]2 for 0 < bj < oo and K is finite, where )(%, . )(%( are independent chi-square

random variables with one degree of freedom. Then, we have

K K
qn = Pr ij)(]zZCn SZPr(){?Z
=1 =1

1
f t< =
) or(0 < <2

)< K ex (—t Cn
T V1-2t P\ ke

Cn
Kb]‘

with b* = max{by, ..., bx}, where the last inequality follows from a Chernoff bound: Pr ( )(]2 > Z—”) <

Blep(t(3-1)]

exp(t(#E-1)) — Vi-2f
stated result follows.

exp (—t7) for 0 < t < 1. Therefore, —bg% > —1]og (\/%) + 2=, and the

O

Lemma 6. Suppose that ¢(w; P, «) is defined as (33), where p = (n7,A")7. Let ¢*, Vg, and Vlog g*
denote (W; ¢, a), V§(W; Y, ), and V log g(W; ¢, @) evaluated at (¢*, ), respectively. Let V f* denote
Vf(W; 0"). The following statements hold.

(a) Forl = 0,1,... 'V(A®1}®1)7g* =0;

(b) V(A®2)Tg* = 0((1 - a)V(6®2)Tf*,

(c) V(/\@’2)T log g™ =a(l- ‘X)V(gm)Tf*/f*;

(d) B[Va;log g'] = 0, E[Vau,10g 8°] = 0, and E[Vyu,, 10g 8'] = ~E[Vy log gV log 871,

(e) E[V/\iAjAkM log ¢*] = —E[VA,,A/. logg*Vialogg™ + Vi, log 8V logg™ +
Vi, log 8V log ¢71.
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Proof of Lemma 6. Recall that
gw; ¢, a)=af(w;v+(1-a)d)+(1-a)f(w;v—al).

First, we show that for / = 0 holds for (a), Vag* = a(1 — a)Vef* —a(l —a)Vef* = 0. For [ > 0, by
Fubini’s theorem, we have

Vool 8 = Va(aVienye f@; v + (1= 0)A) + (1= @)V gony f(w; v - a)\)‘vzemzo)

= (a1 = @)V gyory f(w; v + (1 = @)) = a(l = )V gyory f(w; v - m\))v:w:o)

=0.

To show part (b), note that

Vasyrg = VA(a(l —a)Vyf(w; v+ (1 —a)d) —a(l —a)Vf(w;v - a)\))
=a(l- a)ZV(Am)Tf(w; v+(1-a)d)+a’(1- a)V ez f(w; v - W‘))v:a* o
= 0((1 - OZ)V(AM)Tf*.

For part (c), Vyarlogg® = Vaarg*/8" — (Valog g*)(Valog g*) = a(l — a)V7 f*/f* because
Vaarg'/g" = a(l—a)Vger f*/f from part (a) and Vy log " = Vag*/g" = 0 from part (b).

For parts (d) and (e), observe that / V) log g(w; ¢, a)g(w; 1, a)dx = 0 holds for any 1 in the
interior of Oy, and differentiating this equation w.r.t. A; gives

/{VA,.A]. log g(w; Y, a) + V), log g(w; ¢, a)VA]. log g(w; ¢, a)}g(w; P, a)dx = 0. (99)

Evaluating (99) at ¢ = ¢" in conjunction with part (a) gives the first equation in part (d). Differen-
tiating (99) w.r.t. A or 1 and evaluating at i) = ¢* gives the latter two equations in part (d). Part
(e) follows from differentiating (99) w.r.t. Ax and A, and evaluating at ¢ = ¢* in conjunction with
parts (a) and (d).

O

Lemma 7. [Lemma 2.1 of Liu and Shao (2003)] Suppose X1, ..., X, are i.i.d. random variables with
maxi<j<y B|X;|77 < C for some 6 > 0, g > 0, and C € (0,00). Then, maxi<i<, | Xi| = op(nl/q).

Proof. For any ¢ > 0, we have

P (max |Xi| > enl/”’) < Z P(IXi| > en'7) < e TE(| X1|7{| X1| > en'/T})
lisn 1<i<n

by a version of the Markov inequality and the i.i.d. assumption. As n — oo, the right-hand side
tends to 0 by the dominated convergence theorem. m]
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A.8 EM Algorithm
A.8.1 EM Algorithm for the model (1) with normal mixture density (2)-(3)

We introduce latent variables D; € {1,2,..., M} and C;; € {1,2, ..., K}, where the top-level latent
variable D; indicates which of the M top-level components was chosen for observation i, and Cj;
indicates which of the K inner components was chosen for the t-th observation of unit i under the
selected top-level component. Then, the complete-data log-likelihood is given as

n M T Ke
logL. = Z Z]I(Di =j) [loga; + Z Z]I(Cit = k)(log 7jx +log ¢(Zjx,it) —log gj) |,

i=1 j=1 t=1 k=1

A T
Yzf—u]k x,-,ﬁj
0j

To obtain the penalised maximum a posteriori (MAP) estimator 9 = arg maxge@(c) n PN®),

where Z]'k it =

where £7°" := ¢, + p with penalty (76), we implement the following EM algorithm by alternating
between the E-step and the M-step. The algorithm is initialized with multiple random starting
values and iterated until the relative change in log-likelihood falls below 107® or 5,000 iterations
are reached, whichever comes first.

In the E-step, given current estimates (agm), 6;"1)), compute the posterior probabilities of the
latent variables as

(m) (m)
o™ (Wi 6")
" = P(D; = jlW;, {a|", 0"}) = —

Z T f o)

(m) (m)

. 0 Pz i)
yJ(Zizt = P(Cir = kIWi, D; = ]'egm)) B 20 ; l(m)
e G T P(Zg)

foreachj=1,...,Mand k=1,...,K.
In the M-step, we maximise the expected complete-data penalised log-likelihood
E[log L.|W, aﬁm), Gﬁ.m)] +p(9) as follows: forj =1,..., M,

1. Update a; as

i 1“(m) M
a§m+1) = #, with Z a§m+1) =1.
n P
2. Update 7j; as
Sy B Vi
(ITH) S hidi fork=1,..., K.
] 217 . H(m)T
3. Update y; as
sty _ 2 Ty Vi (Y = X"
B = fork=1,.., K
] Z T((m) (m)
it 7/]k it
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+1

4. Given ‘u;m ), update f8; as

Ke n T
(m+1) _ : (m) (m) (m+l) _ T2
Bi —argn,;mZ > 7 Vi e = g™ -
Jk=1i=1 t=1

5. Update 0]2

(m) (m+1) _ 2
Slm+12 _ ; Zia Zk 1 y]k lt( it = Bk x;,B))
j B n (m)T )

We iterate between the E-step and the M-step until convergence.

MAP modifications. Under the priors in Section 5.2, the M-step updates above are replaced by

their MAP counterparts: (i) ag.mﬂ) oc D 715"]7) + a, — 1, normalised to sum to one; (ii) T}Zﬁl) oc

it nfry)y(;?zt +a; — 1, normalised per component; (iii) O_;m+l)2 = SS]-/N]‘?H, subject to 0]2 > 632 The
standard MLE formulas above correspond to a, = a; = 1.

A.9 Information Criteria: AIC and BIC

The consistency of BIC and inconsistency of AIC are stated in Section 5.3 of the main text; we
provide formal proofs here under Assumptions A.3-A.4.
We may also estimate the number of components by the penalised maximum likelihood esti-
mator
Mp=arg max_ pb'(u),
Me{1,2,....M}

where
P () = Om) — Pu i,

and 9 is the MLE defined by (19) while p,, x,, is a model-selection penalization term with kys :=
dim(9)) representing the number of estimated parameters for mixture models (1). (The model-
selection penalty py, k,, is distinct from the log-prior penalty p(9) in (76) used for EM regularisation;
see Section 5.2.)

The following proposition states that the penalised maximum likelihood estimator of the num-
ber of components is consistent under the regularity condition.

Assumption A.3. For all n > 1, the penalty function py satisfies (a) ppis1 = pui > 0, (D)

limy, 0 Pk = 00, (¢) puk = 0(n), and (d) lim, .« ’;’;k >1fork <k’ < M.

Assumption A.4. For M € {Mo+1, My +2, ., M}, l’,’;/l(\@M) — &11\/10(@]\40) = Op(1).

Proposition A.5 (Consistent estimation by the maximum penalised likelihood estimator). Suppose
that Assumptions 6-A.4 hold. Then, ]\ZpL LN M.

Assumption A.3 corresponds to Assumption (C1) of Keribin (2000), specifying conditions for
penalty functions. The BIC penalty function, given by p,, x = %log(n), satisfies this assumption,
whereas the AIC penalty function, p, r = k, does not satisfy Assumption A.3(b).
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Assumption A.4 prevents over-estimation. Appendix A.2 verifies it by extending the Section 5.2
higher-order expansion to M; > M+ 1: the key additional condition is Assumption A.2(b), which
requires higher-order linear independence of the score derivatives V 0% flgm, forp =1,...,pn
andh=1,..., My.

The following proposition formalizes the results derived in Appendix A.2.

Proposition A.6. Suppose that Assumptions 1, 3, 6, A.3, and A.2 hold. Then, Assumption A.4 holds, and
Mpr 55 M.

Corollary 1 (Consistency of BIC and Inconsistency of AIC). Suppose Assumptions 1, 3, 6, and A.2
hold. Then, (a) If p x = %log(n) (BIC penalty), we have Mpr LN Moy. () If pyx = k (AIC penalty), then
limn—)oo Pr(MPL > MO) > 0.

Remark 4. The higher-order linear independence condition in Assumption A.2(b) follows from the panel
structure (T > 2) by the same argument as Proposition 2.

Leroux (1992) established that, under conditions similar to Assumption A.3, the maximum
penalised likelihood method produces an estimator that asymptotically does not underestimate
the number of components. Building upon the work of Dacunha-Castelle and Gassiat (1999),
Keribin (2000) derived regularity conditions necessary for the consistency of the maximum pe-
nalised likelihood estimator. Our Assumption A.2(b) corresponds to condition (P2) in Keribin
(2000). Keribin’s condition (P2) is not satisfied when M is moderately larger than My, as it relies
on a second-order expansion of the density ratio for identification. Our Assumption A.2(b) in-
stead accommodates settings where identification requires a higher-order rank condition, thereby
extending the applicability of the consistency result.

A.10 Nonparametric estimation of the lower bound of the number of components by
the rank test

We also estimate the lower bound of the number of components without imposing the parametric
assumption on error distributions by extending a method proposed by Kasahara and Shimotsu
(2014) which in turn is based on the rank test of Kleibergen and Paap (2006).

We partition the support of ¥; € Y; into |A;| mutually exclusive and exhaustive subsets A; =

{6t,...,6|tAt|} so that V; = Ull.ﬁtlléi and 6; N 6; =0 fori # j.
For each k € 7 :={1,2,...,T}, define 7y :={s € T :s #t} ={1,..,t —1,t+1,...,T} and

let Y-, = (Y1, .., Yi-1, Yiy, ..., Y1) T be a vector of V;s in the group 7_k. Partition the support of
Tk
v 6|Afr,k|
we construct this partition by unfolding the tensor product ®;+¢A; using the Cartesian product
denoted by © as Aq-, = Ok At = A1 O -+ O A1 © Ag41 © -+ © At so that |Ar, | = | AT
For each k € 7, we construct a |A¢| X |Ag-,| bivariate probability matrix Py by arranging

Pr(Yyx € 6,,Y_ € 6Z:k) for partition level (a,b) = (1,1),...,(|A¢,|As,]) as

Y7, into | A7, | mutually exclusive and exhaustive subsets A, = {6{1@, . }. In particular,

T T_
Pr(Yk c 6];Y7—,k c 61 k) e Pr(Yk € 61’Y7_—k [S 6|A‘§:k|)

Py = : : . (100)
Pr(Y; € Sia, Y7, € 6?_1() -oo Pr(Yy e O, Y-k € 6&;‘:’{')
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Collect the marginal probability distribution of Yy and Y_i over A; and Ag-, conditional on
being from the j-th component into a vector as

ph:=(Pr(Ye € 61/D = j), ..., Pr(Yy € §ja ID = j))T and
q;( = (Pr(Y_ € 6?‘"|D =7),...,Pr(Y_x € 6&; 1D = 7)), respectively.
k

Then, under the conditional independence assumption as in the mixture model (1) but without
imposing parametric restrictions, we may represent Py as

M
P =) dpi(q)"
=1

Kasahara and Shimotsu (2014) shows the rank of Py identifies the lower bound of the number of
components and develop a sequential hypothesis testing procedure for estimating the rank of Py
when the empirical quantile of the Y;’s are used to construct the partition. Because there are T
possible ways to pick different k’s out of {1, ..., T}, we test the maximum of the ranks of Py across
k=1,..,T.

We first develop a rk-statistic of Kleibergen and Paap (2006) for testing the null hypothesis of
rank(Py) = r. Write the singular value decomposition of Py as

Uk Ukl[sk o] [vk vE]T
mzuﬂwwf=[il %Hl k][% 2l
U21 U22 0 SZ V21 V22

where UX is a |A;| X | A¢| orthonormal matrix, V¥ is a | A .| X|Agq,| orthonormal matrix, and Skisa
|A¢| X |Ag-,| diagonal matrix containing the singular values in decreasing order. In the partition of

U, VX, and S on the right-hand side, U’l‘l, Vlfl, and S’l‘ are r X r, and the dimensions of the other

submatrices are defined conformably. Then, the null hypothesis Hj : rank(Px) = r is equivalent to
Ho : S’zc = 0. The statistic of Kleibergen and Paap (2006) is based on an orthogonal transformation
of S¥ given by AF = (A¥)TP;B¥, where

U¥ - VA .
At = | 0| Uk ko2 ana B = | V| (VA VRV

Let Py be a sample analogue estimator for Py for which we have erc(ﬁk — Py) 4 N(0, Zy).
The following proposition follows from Theorem 1 of Kleibergen and Paap (2006).

Proposition A.7. Suppose that Vnvec(Py — Py) 4, N(0, Zy) and that QF := (B))T @ (AN)T)Lx(BF @ AF)
~k —~k ~
is non-singular. If rank(Py) = r, then \lnA, —4 N(O, QF) as n — oo, where A, = vec((A¥)TP,BX).
Kleibergen and Paap (2006) proposed the statistic called the rk-statistic:
~k  ~k _ i~k
k() = n(4,)7(Q,)7'A,,
~k

where Q, is a consistent estimator for Q. If the assumptions of proposition A.7 hold, rk(r)
converges in distribution to a x?((|A¢| — 7)(|As-,| — 7)) random variable as n — co.
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When T > 3, we test the null hypothesis that rank(Py) < r for each k = 1,...,T. By selecting
partitions such that |A;| = r + 1, we define the following ave- and max-rk test statistics:

T
ave-rk(r) = %Zrkk(r) and max-rk(r) = max{rk!(r), ..., tk’ (r)}.
k=1

See Section 3.4 of Kasahara and Shimotsu (2014) for the asymptotic distribution of these statistics.

In practice, we use the Bayesian bootstrap to obtain the bootstrap p-value for testing the rank,
rejecting the null hypothesis rank(Py) < r forallk = 1,..., T at significance level « if the bootstrap
p-value is strictly less than a; see Appendix A.11. We estimate the lower bound for the number of
components by applying the sequential hypothesis testing procedure described in Section 3.2 of
Kasahara and Shimotsu (2014).

A.11 Bootstrap procedure for the ave- and max-rk statistic

We consider the following Bayesian bootstrap by drawing {a)fb)}?:1 forb =1,...,B, where a)l(.b) =

d)gb)/zyzl a")j.h) with ch(.b) i Exp(1) fori =1, ..., n, and compute the bootstrap version of Py as

S oY € 61, Y, €07 o 3 0PIV €61, Y, € 5@;}(')
=(b) -
Py = : K :

b _ b _
Sr @Yk € 00, Y7y €677%) o B 0I(Ye € Sjay, Yok € 6@‘1“)

for k = 1,...,T. The same weights are used across different ks to accomodate the dependencies

~(b ~(b
across ks, so that the bootstrapped correlation between P; ) and PE, : for k # ¢ correctly captures

the corresponding sample correlation between Py and P,.

~(b
With this bootstrapped {Pg( )}Ll for b =1, ..., B, we construct the bootstrapped rk-statistics as

=k(b), _q k(D)

k(b) —~k _ ~k
o =A)TQ, )t@A, -A,) fork=1,..,T, (101)

KO ) = n(A

( = k(b)

~k(b) . . o ™ 5
where A, ~ and Q,  are computed as described in Proposition A.7 but we compute A¥ and Xy
—~(b —~
using P; ) in place of Py.
Based on {rkk(b)(r)}L1 derived as above, we can construct bootstrapped ave- and max-rk-
statistics as:

T
ave—rk(b)(r) = %Z rkk(b)(r) and max—rk(b)(r) = max{rkl(b)(r), ...,rkT(b)(r)} forb=1,2,...,B.
k=1

We then compute the bootstrap p-value as the empirical proportion of the bootstrapped test
statistics max-rk'”)(r) that equal or exceed the observed statistic max-rk(r): bootstrap p-value =
. Zle I (max-rk(b )(r) > max-rk(r)). We reject the null hypothesis that rank(Py) < r for all k =
1,...,T at significance level a if the bootstrap p-value is strictly less than a.
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B Additional Tables and Figures

B.1 Controlled-DGP Validation: Size and Power

Table B1 presents size and power for testing Hy: Mo = 2 vs H1: Mp = 3 under controlled DGPs with
conditionally independent errors, based on 500 simulations with T = 3. The size DGP uses het-
erogeneous variances (01, 02) = (0.8, 1.2) to evaluate size under a realistic null where components
differ in both location and scale. The power DGP uses homogeneous variances (01, 02, 03) = (1,1, 1)
to isolate the effect of mean separation on detection power without confounding from variance
differences.

Table B1: Size and Power for testing Hy : Mo = 2 vs Hy : My = 3 at the 5% level under

controlled DGPs

n Component means | ave-rk max-rk LR AIC BIC
Panel A: Size. DGP is two-component, (61, 02) = (0.8,1.2), « = 0.5

200 (41, p2) = (-1,1) 34 6.0 46 96 00

200 (41, p2) = (-0.5,0.5) 0.2 0.2 46 72 00

400 (u1, p2) = (-1,1) 5.8 6.4 42 76 00

400 (1, p2) = (-0.5,0.5) 0.0 0.0 46 68 00
Panel B: Power. DGP is three-component, 6; =1, aj = 1/3

200 (41, p2, 43) =(=0.5,0,1.5) | 0.6 0.8 120 154 0.2

200 (41, p2, 43) = (-1.5,0,1.5) | 50.8 372 99.8 88.6 85.6

400 (41, p2, 43) = (-0.5,0,1.5) | 3.0 3.2 144 234 00

400 (41, p2, 43) = (=1.5,0,1.5) | 92.8 81.2 99.8 89.2 100.0

Notes: 500 replications, T = 3, conditionally independent normal errors (model 1 with (2)—=(3)). Rejection
frequencies (%) at 5% level; AIC/BIC report % selecting M = 3 over M = 2.

Size (Panel A): LRT maintains near-nominal 5% rejection rates (4.2—4.6%) across all scenarios.
Rank tests (ave-rk, max-rk) achieve nominal size only with large samples (n = 400) and well-
separated means, but severely underperform with close means. AIC overestimates (7-10%), while
BIC remains conservative (0%).

Power (Panel B): LRT achieves near-100% power with well-separated means (u = (-1.5,0, 1.5)) and
maintains superior power (12-14%) even with close means, vastly outperforming rank tests (0-3%).
BIC matches LRT under clear separation but becomes overly conservative as means converge. AIC
consistently overestimates across all scenarios.

B.2 Additional Empirical Results

This appendix reports supplementary results for the empirical analysis in Section 7 of the main
paper. Section B.2.1 documents input winsorisation robustness and also serves as the consolidated
reference for CRE augmentation and Normal vs. Mixture error comparisons (Table B2). Sec-
tion B.2.2 reports BIC-selected M under a three-component within-type error (K.=3). Section B.2.3
reports per-type Step 1 coefficients and a cross-panel elasticity comparison for the T=5 panel. Sec-
tion B.2.4 gives the full per-type intercepts and output elasticities at T=10. Section B.2.6 analyses
the misclassification bias arising from the two-step classify-then-GNR procedure. Section B.2.7
explains why hard plant-to-type assignment is not used.
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B.2.1 Input Winsorisation Robustness

The baseline in the main paper uses the raw (no-winsor) panel. This section documents a robustness
check where we winsorise the centred log inputs (lzit, 0, 17;;) at the 5/95 percentile (across the
pooled panel; thresholds fixed pre-bootstrap) and re-run the full pipeline (model selection and
Phase 2 GNR) on the winsorised data. A small number of extreme plants exert disproportionate
leverage on the per-type GNR Step 2 GMM fit; winsorisation assesses whether these observations
drive the baseline M selections.? Table B2 covers all 16 specification cells (three functional forms
x Normal/Mixture errors X with/without CRE) and reports both LRT-selected and BIC-selected
M under the raw data, alongside LRT-selected M under the winsorised data.

Effect on M selection. Table B2 reports M for the no-winsor and winsor 5/95 baselines across
all 16 specifications, with BIC shown alongside LRT for the no-winsor case.

ZA tighter 1/99 threshold was not run: the full 16-specification grid (B=199) takes 1824 hours per pass, and doubling
the cost is not justified given that 5/95 winsorisation already shifts M by at most two from the no-winsor baseline in
most cells.

46



Table B2: Sequential bootstrap LRT and BIC selected M, no-winsor vs. 5/95% winsorised data,
with K¢=3 BIC robustness rows. BIC uses —2{ + k log N (N = plants). Bold rows: preferred Mixture
specification at each flexibility level.

Panel A: T =5
No winsor Winsor 5/95
LRT BIC LRT BIC
Spec Error CRE Me Fo Tx Me Fo Tx Me Fo Tx Me Fo Tx
CD (g=0) Normal - 8 9 9 9 9 9 3 4 4 7 9 10
CD (¢=0) Normal 5 6 5 5 7 6 4 5 4 6 9 8
CD (3=0) Mixture - 3 4 4 7 7 6 4 5 4 6 9 8
CD (g=0) Mixture 1 4 1 6 7 7 2 5 4 1 8 6
Translog (linear) Normal - 7 8 6 9 10 7 2 5 4 4 6 4
Translog (linear) Normal 7 7 6 7 9 6 3 2 2 3 10 4
Translog (linear) Mixture - 2 2 4 6 4 4 3 2 3 6 8 4
Translog (linear) Mixture 2 3 4 4 3 5 2 2 2 3 9 6
Translog (exact) Normal - 2 8 2 10 10 6 4 6 5 8 10 7
Translog (exact) Normal 2 5 2 8 10 8 4 4 5 7 10 9
Translog (exact) Mixture - 4 6 4 5 9 6 4 5 4 5 9 4
Translog (exact) Mixture 2 3 3 8 7 5 3 4 2 6 7 5
Panel B: T =10
No winsor Winsor 5/95
LRT BIC LRT BIC

Spec Error CRE Me Fo Tx Me Fo Tx Me Fo Tx Me Fo Tx
CD (g=0) Normal - 8 9 8 8 10 8 8 4 5 8 10 10
CD (¢=0) Normal v 4 7 5 6 8 7 4 3 8 8 9
CD (4=0) Mixture - 2 6 4 10 8 3 3 5 7 9 8
CD (g=0) Mixture v 4 4 3 6 8 5 2 3 3 5 8 6
Translog (linear) Normal - 7 9 7 10 10 8 5 5 4 6 5 6
Translog (linear) Normal v 5 9 6 8 10 7 3 2 2 5 7 8
Translog (linear) Mixture - 2 2 3 7 9 7 5 3 3 7 7 8
Translog (linear) Mixture v 2 3 3 4 8 5 2 3 3 5 8 5
Translog (exact) Normal - 4 6 2 9 10 10 4 4 8 10 10 10
Translog (exact) Normal v 4 4 2 9 10 8 8 4 10 10 10 9
Translog (exact) Mixture - 4 5 2 7 10 8 3 3 4 8 10 6
Translog (exact) Mixture v 6 4 2 6 10 9 5 4 3 9 10 10
CD (g=0) Mixture (K¢=3) - - - - 6 9 7 - - - = =
Translog (exact) Mixture (Ke=3) - - - - 6 9 7 - - - = = -

Notes. LRT: sequential bootstrap LRT at 5% significance (B=199 replications). BIC: argmin over M=1,...,10 of
20 +k log N, where N is the number of plants and k the number of free parameters; requires no bootstrap simulation
(Leroux, 1992). BIC consistently selects larger M than LRT (typically by 2-6 units) because the plant-count penalty
log N with N ~ 157-290 is small in finite samples. Both criteria confirm M > 2 across all specifications, establishing
the existence of technology heterogeneity. Same EM pipeline throughout (Hp unconstrained; H; Dirichlet penalty

aaYjlogaj+ac}; log tji with aq=1.5, ar=1.1, variance floor 0.01Var(y)). Speclabels: “Translog (linear)” = first-order
Taylor approximation (g=3); “Translog (exact)” = nonlinear FOC (4=3). K¢=3 rows are no-CRE, no-winsor, BIC-only
robustness checks; the sequential LRT and winsorised variants are not run for those rows.

Effect on Pool M =1 elasticity CIs. Winsorisation fixes three borderline zero-coverage cases in the
Pool M=1 capital elasticity: (i) Metal T=10 Cobb-Douglas ([-0.017, +0.108] — [+0.016, +0.120]);
(ii) Textiles T=5 Python GNR ([-0.014, +0.160] — [+0.031, +0.163]); (iii) Metal T=10 Python GNR
improves from —0.092 to —0.015 on the lower bound ([-0.092, +0.278] — [-0.015, +0.278]), though
still nominally containing zero. Labour elasticity Cls are negligibly affected, consistent with labour
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being well-identified regardless of input-tail outliers.

B.2.2 Three-Component Within-Type Error Robustness

Table B2 reports the K.=3 robustness check in the same number-selection table as the baseline rows.
The rerun uses BIC only, no CRE, no winsorisation, and the same Dirichlet penalty a,); i loga; +

ﬂij,k log Tk (a0=1.5, a;=1.1, o? floor 0.01\7&&(]/)). For both Cobb-Douglas and Translog (exact),
BIC selects Metal /Food /Textiles = 6/9/7. This is larger than the sequential LRT K.=2 baseline,
reflecting both the criterion gap and the richer within-type error distribution, but the qualitative
conclusion that all three industries contain multiple latent technology types is unchanged.

B.2.3 Short Panel Robustness: T = 5 Results

The main results focus on the T=10 panel (1987-1996), which provides a longer earnings window
for the cubic-Markov GMM Step 2. Here we report per-type Step 1 coefficients and a cross-panel
elasticity comparison for the T=5 panel (1992-1996). This panel has larger samples (Nf,0q4=862,
NMetai=242, N1ex=203) but a shorter time dimension. Model selection at T=5 is shown in Table B2
(Panel A, no-winsor columns).

T =5 vs. T = 10 model selection. The selected M values under the Translog (exact) Mixture
specification (no CRE) are Metal/Food /Textiles = 4/6/4 at T=5, compared with 4/5/2 at T=10.
The T=5 Food and Textiles selections are higher than their T=10 counterparts, consistent with two
mechanisms. First, the larger T=5 samples (862 vs. 669 firms for Food, a 29% increase) give the LRT
more power to detect additional types. Second, the T=>5 sub-panel (1992-1996) covers a narrower
time window and may be more heterogeneous. The T=10 panel (1987-1996) pools a longer growth
trajectory and may merge types that are distinct only in the early-to-mid 1990s transition period.
Under CRE at T=5, the Translog (exact) Mixture specification selects M=2 for Metal, M=3 for Food,
and M =3 for Textiles. The convergence of CRE selections relative to no-CRE suggests that some of
the no-CRE M is driven by unabsorbed capital-productivity correlation.

B.2.4 Per-Type Translog Coefficients and Elasticities at T = 10

Table B3 reports the per-type Translog (exact) production-function coefficients, output elasticities,
returns to scale, and Step 2 AR(1) productivity persistence under the headline Translog (exact,
Ke=2), no-CRE no-winsor baseline at T=10. The table is organized by industry subpanels, with one
row for each latent type. Each type is reported in two rows: the first row gives the point estimates,
and the second row gives the corresponding firm-cluster nonparametric-bootstrap confidence
intervals. Types are ranked in ascending order of ¢1,j. The empirical second-stage post-selection
bootstrap line is no longer used; uncertainty is computed by resampling firms, re-estimating the
fixed-M first-stage mixture, matching bootstrap clusters to the baseline headline types by maximum
firm-overlap, and recomputing the per-type GNR estimates within each bootstrap draw.
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Table B3: Combined per-type Translog Exact GNR estimates, T=10, no-CRE no-winsor headline baseline. Each type is reported in two

rows: point estimates followed by centered 95% firm-cluster bootstrap confidence intervals.

Panel A: Translog Exact production-function coefficients

Type (&, N) Statistic Bk,j BL, Bm,j BKK,j BLL,j BMM,j BKL,j BkM,j BLm,j
Food CIIU 311, T=10, N=669, M=5
T1 (@=0.078, N=61) Point estimate 0.118 0.341 0.603 0.014 -0.033 0.044 0.035 -0.018 -0.063
95% CI [0.056,0.189] [0.198,0.597] [0.502,0.670] [-0.018,0.039] [-0.182,0.086] [-0.016,0.182] [-0.018,0.082] [-0.066,0.007] [-0.151,0.022]
T2 (@=0.307, N=152) Point estimate 0.166 0.182 0.668 0.036 0.006 0.048 0.034 -0.047 -0.040
95% CI [0.112,0.303] [0.044, 0.302] [0.611,0.735] [0.014,0.087] [-0.072,0.104] [-0.021,0.122] [0.002,0.066] [-0.128,-0.030] [-0.097,0.039]
T3 (@=0.124, N=166) Point estimate 0.152 0.236 0.685 0.020 0.068 0.171 0.032 -0.059 -0.092
95% CI [0.071,0.259] [0.120,0.444] [0.617,0.745] [-0.015,0.051] [-0.031,0.229] [0.110,0.224] [0.013,0.062] [-0.102,-0.010] [-0.176,-0.031]
T4 (@=0.225, N=137) Point estimate 0.182 0.172 0.706 0.075 0.047 0.144 0.066 -0.092 -0.089
95% CI [0.126,0.259] [0.052, 0.244] [0.663,0.755] [0.036,0.126] [-0.015,0.107] [0.093,0.196] [0.015,0.092] [-0.140,-0.051] [-0.128,-0.004]
T5 (@=0.266, N=153) Point estimate 0.140 0.141 0.757 0.026 -0.032 0.043 0.037 -0.037 -0.023
95% CI [0.101,0.243] [0.070,0.253] [0.734,0.775] [0.008,0.064] [-0.080,0.044] [0.028,0.101] [0.016,0.061] [-0.108,-0.023] [-0.077,0.010]
Metal CIIU 381, T=10, N=157, M=4
T1 (@=0.306, N=48) Point estimate 0.157 0.342 0.472 0.034 0.141 0.157 -0.026 -0.049 -0.097
95% CI [0.076,0.205] [0.215, 0.482] [0.445,0.503] [-0.001, 0.056] [-0.024,0.244] [0.138,0.184] [-0.063,0.055] [-0.070,-0.020] [-0.197,-0.055]
T2 (@=0.083, N=12) Point estimate 0.120 0.601 0.543 -0.019 0.066 0.071 -0.079 0.073 -0.107
95% CI [0.029, 10.024] [0.071,4.302] [0.470,0.679] [-0.114,1.760] [-0.828,1.178] [0.026,0.265] [-0.187,0.518] [0.006,0.105] [-0.399,-0.034]
T3 (@=0.276, N=43) Point estimate 0.193 0.460 0.566 0.052 0.344 0.223 0.075 -0.107 -0.226
95% CI [0.112,0.295] [0.313,0.588] [0.527,0.606] [-0.007,0.113] [0.092,0.549] [0.173,0.287] [0.012,0.144] [-0.158,-0.066] [-0.301,-0.150]
T4 (@=0.336, N=54) Point estimate 0.152 0.292 0.569 0.056 0.228 0.166 0.022 -0.060 -0.121
95% CI [0.092,0.200] [0.215,0.426] [0.546,0.595] [0.004,0.085] [0.091,0.366] [0.146,0.191] [-0.040,0.072] [-0.082,-0.032] [-0.166,-0.094]
Textiles CIIU 321, T=10, N=162, M=2
T1 (a@=0.555, N=74) Point estimate 0.222 0.279 0.514 0.024 0.136 0.189 -0.004 -0.075 -0.130
95% CI [0.182,0.281] [0.218,0.335] [0.486,0.541] [0.007,0.050] [0.056,0.191] [0.165,0.215] [-0.033,0.030] [-0.095,-0.062] [-0.159,-0.099]
T2 (@=0.445, N=88) Point estimate 0.152 0.244 0.653 0.039 0.092 0.159 0.011 -0.068 -0.106
95% CI [0.116,0.187] [0.193,0.298] [0.621,0.701] [0.018,0.057] [0.029,0.161] [0.124,0.208] [-0.022,0.041] [-0.086,-0.050] [-0.159,-0.070]
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Table B3: Combined per-type Translog Exact GNR estimates, continued.

Panel B: Elasticities, returns to scale, and productivity persistence

Type (&, N) Statistic €K,j €L EM,j RTS; pj
Food CIIU 311, T=10, N=669, M=5
T1 (4=0.078, N=61) Point estimate 0.123 0.313 0.599 1.035 0.752
95% CI [0.056,0.193] [0.183,0.510] [0.525,0.664] [0.930,1.177] [0.577,0.834]
T2 (4=0.307, N=152) Point estimate 0.161 0.182 0.680 1.023 0.758
95% CI [0.108,0.292] [0.040,0.307] [0.633,0.728] [0.948,1.146] [0.635, 0.850]
T3 (@=0.124, N=166) Point estimate 0.151 0.234 0.688 1.073 0.734
95% CI [0.066, 0.260] [0.104, 0.459] [0.646,0.734] [0.933,1.315] [0.515, 0.920]
T4 (4=0.225, N=137) Point estimate 0.188 0.177 0.699 1.064 0.660
95% CI [0.127,0.267] [0.045,0.261] [0.665,0.738] [0.985,1.199] [0.532, 0.842]
T5 (4=0.266, N=153) Point estimate 0.146 0.150 0.748 1.045 0.811
95% CI [0.106, 0.242] [0.081,0.281] [0.714,0.765] [0.994,1.148] [0.639, 0.898]
Metal CIIU 381, T=10, N=157, M=4
T1 (4=0.306, N=48) Point estimate 0.146 0.347 0.488 0.981 0.641
95% CI [0.075,0.195] [0.213,0.478] [0.448,0.536] [0.890, 1.070] [0.534, 0.738]
T2 (4=0.083, N=12) Point estimate 0.090 0.647 0.516 1.253 0.883
95% CI [0.022,9.143] [0.126,3.359] [0.404,0.601] [0.797,12.846] [0.632, 0.982]
T3 (4=0.276, N=43)  Point estimate 0.210 0.482 0.540 1.231 0.516
95% CI [0.120, 0.308] [0.353,0.601] [0.496,0.587] [1.153,1.314] [0.390, 0.618]
T4 (4=0.336, N=54) Point estimate 0.155 0.277 0.593 1.025 0.707
95% CI [0.091, 0.207] [0.203,0.413] [0.560,0.630] [0.971,1.132] [0.524, 0.972]
Textiles CITU 321, T=10, N=162, M=2
T1 (4=0.555, N=74) Point estimate 0.221 0.292 0.560 1.073 0.709
95% CI [0.180, 0.278] [0.239,0.342] [0.517,0.602] [1.021,1.116] [0.576, 0.825]
T2 (4=0.445, N=88) Point estimate 0.170 0.244 0.617 1.031 0.627
95% CI [0.134,0.205] [0.178,0.305] [0.584,0.652] [0.986,1.094] [0.512,0.737]

Notes. Types are ranked in ascending order of ) ;. The reported coefficients use the conventional centered Translog representation; the squared-input coefficients
follow the one-half convention in the production function. Inputs are centered at the industry grand means. fu,j, Bxm,j, BLM,j, and Bpipm,j come from the GNR
Step 1 materials-share equation; the remaining production-function coefficients and p; come from GNR Step 2. Confidence intervals are centered 95% firm-cluster

nonparametric-bootstrap percentile spreads (B=500), resampling firms, re-estimating the fixed-M first-stage mixture, matching bootstrap clusters to the baseline
headline types by maximum firm-overlap, and recomputing the per-type GNR estimates.



Type heterogeneity is concentrated in 8y ;: in the clean updated second-stage point estimates,
Food spans f,; € [0.603, 0.757], Metal spans [0.472, 0.569], and Textiles spans [0.514, 0.653]. The
materials elasticities €)1,; closely track the materials coefficients, confirming that variation in S,
drives type differentiation. Capital elasticities ¢k ; play a secondary role in type differentiation.

B.2.5 Sensitivity to Regularisation Penalty Strength

Table B4 examines how model-selection accuracy responds to the strength of the Dirichlet soft
penalties used during EM estimation. The baseline specification uses a; = 1.1 (penalty on Tjx),
a, = 1.5 (penalty on a;), and 012 > 0.0152; each row perturbs one penalty parameter while holding
the others fixed. The final row imposes a common within-type variance (0]2 = o2 for all j) in
the Normal specification. The DGP is calibrated to Chilean fabricated metal products (CIIU 381)
with My = 2 and T = 5. BIC achieves 100% correct selection across all configurations. LRT is
most sensitive to the 7j; penalty strength, with the baseline a: = 1.1 providing good finite-sample
performance.

Table B4: Sensitivity of model-selection accuracy to Dirichlet penalty strength (My = 2, Metal
industry, Ke = 2, T = 5; computation in progress)

Normal DGP Mixture DGP
Configuration BIC(N) LR(N) BIC(Mix) LR(Mix) BIC(N) LR(N) BIC(Mix) LR(Mix)

Results pending—rerun gen_table_sensitivity.py

B.2.6 Misclassification Bias and the Two-Step Estimation Procedure

The empirical analysis recovers type-specific production-function parameters by a two-step plug-
in: (i) fit the inside-log nonlinear share-equation EM mixture and MAP-assign each plant to
ji € {1,..., M} at the fitted posterior; (ii) run the GNR Step 1 and Step 2 estimators on each type-
conditional sub-sample. Because the Chilean panel is short (I'=5 or T=10), MAP classification is
imperfect even in the limit n — oo. Misclassified plants contaminate the per-type sub-samples and
the per-type GNR estimator converges to a pseudo-true value 1/};(T) # w?.

Exponential bias bound. Let P;(T) = Pr(f = j | type = k) be the population MAP confusion
matrix. Under regularity (Gaussian errors, bounded inputs, identified per-type moment), the bias
satisfies
* 0 ~Tp; —in O
19 =yjll < €7, pj=minCy,
with Cy; the path-averaged Chernoff information between the share-equation densities of types k
and j, and C; scaling with GNR instrument strength and the type-parameter contrast.

Step-1 vs. Step-2 asymmetry. The classifier observes only the materials-share equation. A mis-
classified plant therefore resembles the target type on Step 1 (materials elasticity) but carries alien
output-side structure (capital, labour, persistence) not seen by the classifier. Monte-Carlo simu-
lations show that at moderate separation (n=277, My=2, misclassification rate 18.7% at T=5), the
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Step-2 persistence bias |Ap|MAP=0.042 exceeds the Step-1 materials bias |Aep|MAP=0.0025 by an
order of magnitude. The Step-2 capital elasticity bias (|Aex|MAP=0.012 at T=5, falling to 0.002 at
T=20) is intermediate. This asymmetry sharpens the “classification is exogenous to the production-
function parameters” claim: itholds as T — co but fails at fixed T, with Step-2 parameters carrying
substantially more fixed-T bias than Step-1.

Empirical separation. Pairwise path-averaged Chernoff informations estimated from the inside-
log nonlinear mixture fits give worst-pair indices e >/ of 17-25% at T=5 across the three industries,
matched by the Monte-Carlo actual rate of 18.7% at comparable separation. At T=10 the index
falls to 3-6%, so the bias is substantially reduced in the main results.

Remedies. The cleanest fix is joint estimation: a single EM treating type membership as latent
throughout, eliminating the fixed-T misclassification bias by construction. The two-step approach
used here is retained for comparability with earlier industry-level applications; in the current
empirical update we report the corresponding second-stage point estimates.

B.2.7 Hard Plant-to-Type Assignment (Binarization)

An alternative is to assign each plant to a single type by MAP classification (“binarization”) and
run ordinary GNR on each hard-assigned sub-sample. We do not adopt binarization for three
reasons: (i) it discards the signal in plants with non-trivial posterior probability for a second
type, conflicting with GNR’s identification from the full conditional distribution of productivity
(Gandbhi et al., 2020); (ii) it amplifies the fixed-T misclassification bias C; e TPi (Section B.2.6) across
every Step-1 and Step-2 moment condition rather than smoothing it via posterior weighting; and
(iii) with M > 3 types, discrete membership counts make small-type estimates sensitive to the
exact MAP partition. The two-step plug-in used here occupies an intermediate position: it uses
MAP assignment but applies GNR to the resulting sub-sample as if it were a clean partition, with
the resulting bias bounded as in Section B.2.6. For the T=10 panel, the exponential bias bound
yields effective misclassification rates below 6%. This is negligible relative to the magnitude of the
cross-type parameter contrasts reported in Table B3.
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