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Background and motivation
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Finite mixture model

� Finite mixture model: represent non-standard distribution density
using the mixture of standard distributions ;
� Provide convenient way to model individual specific unobserved

heterogeneity. Wide applications in economics area:
Labor economics: Keane and Wolpin [1997], Heckman and Singer
[1984], Cameron and Heckman [1998];
Health economics: Deb and Trivedi [1997] ;
Industrial organization: Kamakura and Russell [1989], Andrews and
Currim [2003];
Marketing: Dubé et al. [2010];
Dynamic discrete choice model: Arcidiacono and Miller [2011];
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Motivation

� How to determine the number of components is not sufficiently
discussed in past literature;
� Kasahara and Shimotsu [2012] propose a likelihood ratio test

framework to test the number of components m under H0 : m = m0
against H1 : m = m0 + 1 under certain assumptions on mixture density
functions;
� the normal panel regression model have the likelihood function that

satisfies the assumptions.
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Model: Finite mixture normal panel regression
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Finite mixture normal panel regression model

Consider the panel regression:
� Data generating process: yit = µ+ x ′itβ + z ′itγ + εitσ;
� observe {yit , xit , zit}Tt=1 for i = 1, . . . ,N, t = 1, . . . ,T ;
� collect the observed data for firm i at time t to be ωit = {yit , xit , zit}
� parameters: θ = (µ, β′, σ2)′, µ ∈ R, β ∈ Rq, σ ∈ R++ and γ ∈⊂ Rq;

� φ(t) = (2π)−1/2 exp(− t2

2 ).

The joint density of panel data

f ({ωit}Tt=1; γ, θ) = ΠT
t=1

1
σj
φ

(
yit − µ− x ′itβ − z ′itγ

σ

)
, (1)
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Mixture model

Finite mixture panel regression model:
� m unobserved class, each of which is characterized by θj ;
� the mixing probability αj for type j = 1, . . . ,m;
�
∑m

j=1 α
j = 1 and αj ∈ (0, 1) for each type;

� collect the parameters in m-component mixture model and define
ϑm = (θ1, θ2, . . . , θm, α1, . . . , αm−1, γ).

Density function of finite mixture normal panel regression model:

fm({ωit}Tt=1, ϑm) =
m∑
j=1

αj f ({ωit}Tt=1; γ, θj). (2)
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Likelihood Ratio Test(LRT)
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H0 : 1 against H0 : 2: Why traditional approach fails?

Usually, approximate likelihood ratio test statistics by quadratic expansion.
The density function of two-component model is

f2({ωit}Tt=1, ϑ2) = αf ({ωit}Tt=1; γ, θ1) + (1− α)f ({ωit}Tt=1; γ, θ2). (3)

� Suppose null model true, then θ1 = θ2;
� α is not identified: ∇α log f2({ωit}Tt=1; ;ϑ2) = 0;
� first order conditions w.r.t. θ1 and θ2 are collinear;
� therefore the Fisher Information matrix is deficient in 1 + dim(θ)

degrees.
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Reparameterization

Reparameterize θ1 and θ2 as ψα := (γ′, ν ′, λ′):(
λ
ν

)
:=

(
θ1 − θ2

αθ1 + (1− α)θ2

)
so that

(
θ1
θ2

)
=

(
ν + (1− α)λ
ν − αλ

)
. (4)

Redefine the density:

g({ωit}Tt=1;ψα, α) = αf ({ωit}Tt=1; γ, ν + (1− α)λ)

+ (1− α)f ({ωit}Tt=1; γ, ν − αλ);

l({ωit}Tt=1;ψα, α) = log g({ωit}Tt=1;ψα, α),
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Score function

∇λl({ωit}Tt=1;ψ∗α, α) = 0, use second order derivative instead. Score
function defined as:

si =

 ∇γ l({ωit}Tt=1;ψ∗α, α)
∇ν l({ωit}Tt=1;ψ∗α, α)

1
(1−α)α∇λλ′ l({ωit}Tt=1;ψ∗α, α)


=

 ∇γf ({ωit}Tt=1; γ∗, θ∗)
∇θf ({ωit}Tt=1; γ∗, θ∗),
∇θθ′f ({ωit}Tt=1; γ∗, θ∗)

 /f ({ωit}Tt=1; γ∗, θ∗).

(5)
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Fourth order expansion of LRT statistics

� Ln(ψα, α) :=
∑n

i=1 l({ωit}Tt=1;ψα, α);

� Sn := n−1/2∑N
i=1 si , Sn →d S ∼ N(0, I);

� In := 1
n

∑N
i=1 si s

′
i ,, In →p I;

� tn(ψα, α) :=

 n1/2(γ − γ∗)
n1/2(ν − θ∗)

n1/2α(1− α)v(λ)

.

Ln(ψα, α)− Ln(ψ∗α, α)

= tn(ψα, α)Sn −
1
2

tn(ψα, α)′Intn(ψα, α) + Rn(ψα, α)
(6)

where Rn(ψα, α)→p 0.

Hao and Kasahara (VSE) No.Component May 16, 2019 13 / 30



Asymptotic distribution of LRT

� ψ̂α = arg maxψα Ln(ψα, α) ;

� φ̂0 = (γ̂0, θ̂0) = arg maxφ L0,n(φ);

� L0,n(φ) =
∑N

i=1 log f ({ωit}Tt=1; γ, θ);
� LRn,1(ε) = maxα∈[ε,1−ε] 2{Ln(ψ̂α, α)− Ln,0(φ̂0)}, where ε arbitrary;
� η = (γ, θ);

� partition S =

[
Sη
Sλ

]
, then I = SS ′ =

[
Iη Iηλ
Iλη Iλ

]
;

� Iλ,η = Iλλ − IληI−1
η Iηλ.
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Assumptions on density

Assumption 1

(a) If (γ, θ) 6= (γ∗, θ∗), then f ({ωit}Tt=1; γ, θ) 6= f ({ωit}Tt=1; γ∗, θ∗); (b) Θθ

and Θγ are compact; (c) log f ({ωit}Tt=1; γ, θ) is continuous at each
(γ, θ) ∈ Θγ ×Θθ with probability one; (d)
E [sup(γ,θ)∈Θγ×Θθ | log f ({ωit}Tt=1; γ, θ)|] <∞.
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Assumptions on density

Assumption 2
(a) γ∗ and θ∗ are in the interior of Θγ and Θθ. (b) For every x ,
f ({ωit}Tt=1; γ, θ) is four times continuous differentiable in a neighborhood
of (γ∗, θ∗). (c) For α ∈ (0, 1), E supψα∈N ‖∇

(k)l({ωit}Tt=1;ψα, α)‖ <∞
for a neighborhood N of ψ∗ and for k = 1, . . . , 4, where ∇(k) denotes the
k-th derivative w.r.t. ψ. (d) For α ∈ (0, 1), E‖∇

(k)g({ωit}Tt=1;ψ∗α,α)

g({ωit}Tt=1;ψ∗α,α)
‖2 <∞

for k = 1, 2, 3.

Assumption 3
I is finite and positive definite.
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Asymptotic distribution of LRT

Kasahara and Shimotsu [2012] shows under A1-A3,
� 2{Ln(ψ̂α, α)− Ln(ψ∗α, α)} →d t̂ ′λIλ,η t̂λ + S ′ηI−1Sη;

� 2{Ln(ψ̂α, α)− L0,n(γ̂0, θ̂0)} →d t̂ ′λIλ,η t̂λ;
� LRn,1(ε1)→d t̂ ′λIλ,η t̂λ;
� t̂ ′λ is not standard distribution, is a projection of Wλ,η ∼ N(0, Iλ,η) on

to a cone;
� simulate and get t̂ ′λ and t̂ ′λIλ,η t̂λ.

Hao and Kasahara (VSE) No.Component May 16, 2019 17 / 30



Modified EM

Unbounded likelihood:
� H0 true, when estimate H0;
� α→ 0, σ̂1 → 0, Ln(ψα, α)→∞.

Need to bound σ̂1 or σ̂2 from 0.
E-step, calculate the weight matrix for each firm:

� wk
i1 =

α(k)f ({ωit}Tt=1;γ(k),θ1(k))

f2({ωit}Tt=1;ϑ
(k)
2 )

;

� wk
i2 =

(1−α(k))f ({ωit}Tt=1;γ(k),θ1(k))

f2({ωit}Tt=1;ϑ
(k)
2 )

;
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Modified EM

M-step, update parameters:

γ(k+1) =
(∑N

i=1
∑N

t=1 zitz
′
it

)−1 (∑N
i=1
∑N

t=1 zit(yit −
∑2

j=1 w
(k)
ij x̃ ′itβ

j(k))
)
;(

µj(k+1)

βj(k+1)

)
=(∑N

i=1 w
(k)
ij

∑N
t=1 x̃it x̃

′
it

)−1 (∑N
i=1 w

(k)
ij

∑N
t=1 x̃it(yit − z ′itγ

(k+1))
)
, j = 1, 2; x̃it =

(1, x ′it)
′;

σ(k+1) =

(∑N
i=1 w

(k)
ij

∑N
t=1(yit−µj(k+1)−z′itγ

(k+1)−x′itβ
j(k+1))2+2anσ̂2

0

T
∑N

i=1 w
(k)
ij +2an

)1/2

;

α(k+1) =
∑N

i=1 w
(k)
ij

N . an = an(N,T ,misclassification; m) ;
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Generalizing the test

� Testing the general m0-component model against a
(m0 + 1)-component model is an easy extension of 1-component
model against a 2-component model.
� can express m0-component model as a (m0 + 1)-component model;
� estimate ϑm0+1 by using τ ∈ (ε, 1− ε) to split one of the mixing

probability in ϑm0 ;
� do the modified EM for each of the m0 components;
� LRm0

n,1(ε)→d max{(t̂1
λ)′I1

η,λ(t̂1
λ), . . . , (t̂m0

λ )′Im0
η,λ(t̂m0

λ )}.
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Simulation result
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Sizes

Table: Sizes(in %) in modified EM size test of H0 : m0 = 2 against HA : m0 = 3
at 5% level

N = 100 N = 500
Model T = 2 T = 5 T = 10 T = 2 T = 5 T = 10
(A,C ) 5.25 5.4 4.2 4.55 4.5 4.0
(A,D) 2.6 3.55 3.4 3.4 3.15 4.3
(B,C ) 4.05 5.75 3.5 4.35 4.85 4.1
(B,D) 2.45 3.25 3.4 4.5 3.95 5.25

Use A,B to denote (α1, α2) = (0.5, 0.5) and (0.2, 0.8); use C ,D to denote
(µ1, µ2) = (−1, 1) and (−0.5, 0.5); and set the variance (σ1, σ2) = (0.8, 1.2).
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Powers

Table: Powers ( in %) of modified EM test of H0 : m0 = 2 against HA : m0 = 3 at
5% level

α A B
N = 100 N = 500 N = 100 N = 500

(µ, σ) T=2 T=5 T=2 T=5 T=2 T=5 T=2 T=5
(C ,G ) 8.8 64.8 18.2 100 8.2 74.0 26.6 100
(C ,H) 56.4 100 100 100 40.6 99.8 99.8 100
(C , I ) 73.2 100 100 100 84.6 100 100 100
(D,G ) 34.8 100 98.0 100 40.0 100 99.8 100
(D,H) 93.4 100 100 100 84.0 100 100 100
(D, I ) 99.8 100 100 100 100 100 1.0 1.0

A and B refers to (α1, α2, α3) = (1/3, 1/3, 1/3) and (1/4, 1/2, 1/4), respectively;
C ,D refers to (µ1, µ2, µ3) = (−1, 0, 1), (−1.5, 0, 1.5); G ,H, I refers to
(σ1, σ2, σ3) = (1, 1, 1), (0.6, 1.2, 0.6), (0.6, 0.6, 1.2).
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Application
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Application: Identification of the flexible input share

Cobb-Douglas production function implied:

yit = β0 + βmmit + βkkit + βl lit + εit , (7)

Firms observe input and output prices and choose material input flexibly
each time period:

Mit = arg max
M

PY ,tYit − PM,tM. (8)

The model implies

sit = log
PM,tMit

PY ,tYit
= log βm + εit . (9)

(βm, βk , βl) are assumed to be same across firms within a narrowly defined
industry.
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Application

� Gandhi et al. [2013] found sit is heterogeneous across firms and
persistent through time for one firm.
� Kasahara et al. [2015] non-parametrically identify production function

with heterogeneity using finite mixture model.
� The data of Japanese producer is compiled by the Development Bank

of Japan (DBJ). This dataset contains detailed corporate balance
sheet/income statement data from 1980 to 2008 for the firms listed
on the Tokyo Stock Exchange.
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Empirical results 1

Table: Estimated Likelihood Ratio for Japanese producer in Machine industry

Time m0 = 1 m0 = 2 m0 = 3 m0 = 4 m0 = 5
1 93.309∗∗∗ 19.851∗∗∗ 6.849∗ 0.163 0.612
2 297.487∗∗∗ 111.438∗∗∗ 90.417∗∗∗ 37.875∗∗∗ 32.410∗∗∗
3 524.024∗∗∗ 205.256∗∗∗ 121.135∗∗∗ 78.498∗∗∗ 59.610∗∗∗
4 732.667∗∗∗ 320.623∗∗∗ 159.470∗∗∗ 124.478∗∗∗ 89.004∗∗∗
5 934.599∗∗∗ 419.310∗∗∗ 214.137∗∗∗ 156.153∗∗∗ 126.073∗∗∗

The estimation is based on Machinery industry, with null model of
m0 = 1, 2, 3, 4, 5, respectively.
For T = 1, I use data from the latest year 2008. For T = 2, I use data from
2007-2008. For T = 3, I use data from 2006-2008. For T = 4, I use data from
2005-2008. For T = 5, I use data from 2004-2008.
∗ indicate the result is significant at 10% level.
∗∗ indicate the result is significant at 5% level
∗∗∗ indicate the result is significant at 1% level
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Empirical results 2

Table: Estimated LR for Japanese producer(T = 1)

Industry H0 : m0 = 1 H0 : m0 = 2 H0 : m0 = 3 H0 : m0 = 4 H0 : m0 = 5
Chemical 39.119∗∗∗ 4.971 0.071 1.572 1.539
Ceramics 1.898 0.010 0.142 0.203 0.223
Other 29.802∗∗∗ 2.267 5.488 0.905 0.542
Food 40.396∗∗∗ 11.700 0.387 3.306 3.531
Othermetal 31.324∗∗∗ 0.411 0.079 22.547∗∗∗ 22.547∗∗∗
Textile 15.857∗∗∗ 1.185 0.010 1.455 0.639
Paper 5.485 0.051 1.913 0.088 0.163
Steel 15.221∗∗∗ 0.007 0.252 0.100 0.278
Electronics 122.642∗∗∗ 24.106 3.579 0.055 0.162
Transportation equipment 53.170∗∗∗ 19.220 0.481 0.068 0.110
Precision instrument 1.314 0.571 0.074 0.134 42.210
Metal product 9.373 2.756 0.064 1.125 0.214
Plastic 0.036 0.019 0.040 0.396 5.454

The estimation is based on revenue share of intermediate material.
∗ indicate the result is significant at 10% level.
∗∗ indicate the result is significant at 5% level
∗∗∗ indicate the result is significant at 1% level
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Empirical results 2

Table: Estimated LR for Japanese producer(T = 2)

Industry H0 : m0 = 1 H0 : m0 = 2 H0 : m0 = 3 H0 : m0 = 4 H0 : m0 = 5
Chemical 226.387∗∗∗ 95.997∗∗∗ 95.445∗∗∗ 61.846∗∗∗ 33.470∗∗∗
Ceramics 47.393∗∗∗ 19.939∗∗∗ 19.938∗∗∗ 9.257∗∗ 7.714
Other 118.481∗∗∗ 39.467∗∗∗ 29.780∗∗∗ 21.311∗∗∗ 6.454
Food 138.022∗∗∗ 96.038∗∗∗ 60.252∗∗∗ 42.777∗∗∗ 45.893∗∗∗
Othermetal 21.011∗∗∗ 16.365∗∗∗ 7.532 5.454 1.505
Textile 65.113∗∗∗ 38.819∗∗∗ 22.184∗∗∗ 28.098∗∗∗ 14.090
Paper 40.466∗∗∗ 25.543 15.532 17.877∗∗∗ 17.901∗∗
Steel 56.517∗∗∗ 12.050∗∗∗ 7.961∗ 2.776 4.742
Electronics 380.111∗∗∗ 146.134∗∗∗ 60.844∗∗∗ 48.359∗∗∗ 48.386∗∗∗
Transportation equipment 171.980∗∗∗ 72.937∗∗∗ 51.851∗∗∗ 43.700∗∗∗ 41.408∗∗∗
Precision instrument 27.780∗∗∗ 17.896∗∗∗ 13.987 10.530 7.699
Metal product 60.267∗∗∗ 32.172∗∗∗ 25.641∗∗∗ 19.194∗∗∗ 14.914∗∗∗
Plastic 8.578∗∗ 19.782 8.568 9.179 2.617

The estimation is based on revenue share of intermediate material.
∗ indicate the result is significant at 10% level.
∗∗ indicate the result is significant at 5% level
∗∗∗ indicate the result is significant at 1% level
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Thank You
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