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Abstract

This paper extends the work of Arcidiacono and Miller (2011, 2019) by in-
troducing a novel characterization of finite dependence within dynamic dis-
crete choice models, demonstrating that numerous models display 2-period
finite dependence. We recast finite dependence as a problem of searching for
weights sequentially, and introduce an computationally efficient method for
determining these weights by utilizing the Kronecker product structure em-
bedded in state transitions. With the estimated weight, we develop a compu-
tationally attractive Conditional Choice Probability estimator with 2-period
finite dependence. The computational efficacy of our proposed estimator is
demonstrated through Monte Carlo simulations.
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1 Introduction

To model the forward-looking nature of decision-making, economists often use dy-
namic discrete choice models (DDC) in many areas of economic research.! The paper
by Rust (1987, 1994) pioneered the estimation of dynamic discrete choice (DDC)
models by identifying optimal decision rules and modeling future events’ expec-
tations. However, standard maximum likelihood estimation (MLE) for infinite-
horizon discrete games can be computationally expensive due to the need for
solving fixed-point problems in large state spaces. To address this issue, Hotz
and Miller (1993) proposed a computationally efficient method that represents the
value function as a product of inverse conditional choice probabilities (CCPs)-
weighted transition matrices and expected CCPs-weighted payoffs. Aguirregabiria
and Mira (2007) proposed a recursive algorithm that implements the Hotz-Miller
estimators in each iteration.?

In the CCP estimator of Hotz and Miller (1993) that do not rely on finite depen-
dence, the costs of inversion of the matrix or solving value functions recursively
through forward simulation grow significantly with the size of the state space.
When the DDC models exhibit finite dependence, computing the value differences
between decisions only requires a summation of the payoffs over finite periods.
Consequently, the CCP estimator that exploit finite dependence do not require an

inversion of large matrices, leading to substantial computational gains.’?

'For example, in industrial organizations, Berry and Tamer (2006); Aguirregabiria and Ho
(2012); Sweeting (2013); CollardWexler (2013); Ellickson and Misra (2015); Yakovlev (2018); in health
economics, Gowrisankaran and Town (1997); Gowrisankaran and Krainer (2011); Gaynor and Town
(2012); Beauchamp (2015); in the marketing,Dubé et al. (2005); Doganoglu and Klapper (2006);
Doraszelski and Pakes (2007); and in labor economics, researchers use dynamic discrete choice
to model the forward-looking nature of employment choice, school choice, and mammography
choices Todd and Wolpin (2006); Keane et al. (2011); Fang and Wang (2015).

2Empirical researchers have used dynamic games to model and analyze models with infinite
dependence, including oligopolistic competition Jeziorski (2014); Igami and Yang (2016); Maican and
Orth (2018); Salz and Vespa (2020), dynamic pricing decisions (Ellickson et al., 2012), salesforce
compensation dynamics (Chung et al., 2014; Misra and Nair, 2011), migration (Bishop, 2012; Coate,
2013; Ma, 2019), housing market outcomes (Kuminoff et al., 2013; Murphy, 2018), school matching
outcomes (Galichon and Salanié, 2022), preschool education Heckman and Raut (2016), female
labor supply Altug and Miller (1998); Gayle and Golan (2012); Gayle et al. (2015), mammography
choice Fang and Wang (2015), and kidney donations Agarwal et al. (2021).

3 Arcidiacono and Miller (2011) proposes an estimation based on the EM algorithm to address
unobservable heterogeneity in the DDC models that exhibits finite dependence.



A significant body of empirical research has applied the concept of finite de-
pendence for estimation, often for a model with a terminal or absorbing state, as
seen in studies across various fields such as fertility and labor supply, migration,
stock market engagement, agricultural land use, smoking habits, education, oc-
cupational choice, housing decisions, and trade (Joensen, 2009; Altug and Miller,
1998; Gayle and Golan, 2012; Bishop, 2012; Coate, 2013; Ma, 2019; Ransom, 2022;
Khorunzhina, 2013; Scott, 2014; Matsumoto, 2014; Arcidiacono et al., 2016; Khorun-
zhina and Miller, 2017; Traiberman, 2019). Declercq and Verboven (2018), Mazur
(2014), and Beauchamp (2015) utilize one-period finite dependence to estimate dy-
namic games. These studies underscore the practicality of exploiting finite de-
pendence in estimations, circumventing the need for computing value functions
within nested fixed-point algorithms or inverting large matrices aligned with the
state space.

A previously known class of models that exhibit finite dependence is limited,
however. Arcidiacono and Miller (2011) discuss the sufficient condition for a model
to display the finite dependence, which arises when there is a terminal or absorbing
state. Arcidiacono and Miller (2019) generalize the definition of finite dependence
by introducing the weights across the conditional value functions of all alternatives
and develops an algorithm to calculate the finite dependence paths. Although their
approach is valuable for determining whether models exhibit finite dependence,
their algorithm is more computationally costly compared to our proposed method.
Additionally, the range of models that can be demonstrated to exhibit finite depen-
dence within a few periods using their technique remains limited.

In this paper, extending the work of Arcidiacono and Miller (2011, 2019), we
further generalize the definition of finite dependence while recasting the prop-
erty of finite dependence as a problem of sequential weight determination. Most
importantly, we show that numerous models display 2-period finite dependence
under this generalized finite dependence, including a set of models that had been
previously viewed as non-finite dependent due to stochastic state transitions given
choices. Consequently, we may apply our computationally efficient CCP estima-
tion method to a variety of the DDC models. We demonstrate, via Monte Carlo
simulations, that our approach has a large computational gain over the CCP esti-

mator based on the Hotz-Miller inversion.



Arcidiacono and Miller (2019) highlight that the ex ante value function can be
represented as a weighted average of the conditional value functions for all alter-
natives, augmented by a function tied to the conditional choice probabilities, with
the total of all weights equating to one. Leveraging this concept, they suggest a
sequential algorithm for identifying weights that could achieve finite dependence,
though their method determines future weights solely based on future states, dis-
regarding the current state. We expand upon this by proposing a broader defi-
nition of finite dependence, allowing weights to depending on both future and
current states. Our approach introduces more flexibility in attaining finite depen-
dence, enabling the identification of weights that maintain the future state’s prob-
ability distribution unchanged after a small number of periods.

To determine the weights, we show that the existence of a weight vector result-
ing in a zero norm for the weighted forward transition matrix implies finite depen-
dence in the model. Utilizing this insight, we develop a systematic approach for
identifying such weight vectors, providing computational evidence that the norm
of the weighted forward transition matrix becomes nears zero when our approach
is applied one period forward. Mostly importantly, we show that a model dis-
plays 2-period finite dependence if the stochastic state transition is influenced by
the chosen action and the state space is discretized. Given that many structural dy-
namic discrete choice models in economics share this characteristic, our estimation
method is broadly applicable to a wide set of empirical economic models.

We also introduce a straightforward computational algorithm for weight dis-
covery that takes advantage of the Kronecker product structure present in state
transitions. Our algorithm demonstrates a significant reduction in computational
time compared to the algorithm presented by Arcidiacono and Miller (2019). Lever-
aging the estimated weights, we formulate CCP estimators akin to the finite-dependence
estimator outlined by Arcidiacono and Miller (2011).

Our proposed estimation method under finite dependence substantially cuts
down on computational time compared to the traditional CCP estimator based on
Hotz-Miller’s matrix inversion approach. This efficiency gain stems from the fi-
nite dependence approach requiring the calculation of utility differences for only
a limited number of future periods, as opposed to an infinitely many periods. As

emphasized by Arcidiacono and Miller (2019), our estimator also offers distinct ad-



vantages in non-stationary environments by avoiding the need to compute future
value functions, a typically challenging task when stationarity is absent.

The remainder of this paper is structured as follows. In Section 2, we detail the
dynamic discrete choice model and the framework that underpins its estimation.
Section 3 introduces a methodological approach for the identification of optimal
weight vectors. Section 4 is dedicated to the exposition of the estimator, which is
derived under specific characterizations. The results of the Monte Carlo simula-
tions are presented in Section 5. Lastly, Section 6 extends the presented results to
the context of a dynamic game.

2 Dynamic discrete choice model

2.1 Baseline model

An agent faces a decision-making problem where they must choose one of D + 1
discrete, mutually exclusive actions each period, denoted as d; € D := {0, 1,2,..., D}.
The goal of the agent is to maximize their expected discounted sum of utilities over

a time horizon 7', which can either be finite or infinite. This objective is captured
by the expression:

T
E Zﬁs [Wigs(Tigs, divs) + €gs(divs)] | diy 2|

s=0
where § € (0,1) is the discount factor that weighs future utilities, w;(x,d;) is
the deterministic component of the time-separable payoff at time ¢, and €;(d;) is a
choice-specific idiosyncratic shock, reflecting the stochastic elements of the payoff.
The state variable at time ¢ is denoted by s, = (x4, €;), where z; is a state variable
observable by a researcher, while ¢, is a state variable that is unobservable to the
researcher. The expectation [E is taken over the future values of state variables and
shocks {z,,, €4-}1_;. The agent’s decision at each period is influenced by both
the current state s; and the anticipated future states and shocks.

We adopt the following conventional assumptions in dynamic discrete choice
modeling (c.f. Rust, 1987, 1994; Magnac and Thesmar, 2002):



Assumption 1 (Observed State Variables). The observed state variables x have a dis-
crete and finite support, defined as X = {1,..., X'}, where X is a finite cardinal number.

Assumption 2 (Conditional Independence). The transition probability density func-
tion py(ses1|dy, s¢) decomposes into p(sii1|ds, st) = ge(€r1|Tesr) fe(@esa|de, z¢). This im-
plies that the future state variables’ transition is independent of current unobserved state
given the current action and observed state. Moreover, the distribution of unobserved state

variables is i.i.d. over time.

Assumption 3 (Additive Separability). The unobserved state variables are additively
and separately integrated into the utility function: U(dy, xy,€) = ui(xe,dy) + e(dy),
where €,(d) denotes the component of the unobserved state vector ¢, = {e,(d) : d € D}
corresponding to decision d.

Under Assumption 2 to Assumption 3, we define the integrated value function
V (z;) by integrating the optimal choice of the agents under the Bellman equations

over the private information state variable:

Vt(xt):/max u(d, z¢) + €(d) + B Z V(@) f(@epald, @) o ge(erae)de. (1)

deD
Tir1E€EX

Under the above assumptions, the integrated value function V := {Vi(z) : = €
X} € By C R is a vector of size X.
We define the choice-specific value function v(z, d;) as the discounted sum of

future values of choosing alternative d;:

vz dr) = w(zd) + 8 ) Vilwe) (x| di, z2). (2)

Tiy1E€EX

Taking the choice option d = 0 as the baseline option, we define the value
differences as ¥;(z¢, d;) = vi(zt, dp) —vi(2t, di) and collect them as v,(z;) = {v(d, ;) :
d € D\{0}} € RP. The conditional choice probabilities of the action d, given the



state x; are defined as

pt(dt,l’t) = At(’bt(xt))(dt, xt)
_ / (e, di) + e(d) > 5(d', 20) + e(d) ¥ d' € DYdGy(e) foralld’ .
3)

We refer to A(v,(z;))(ds, ;) as the optimal conditional choice probability (OCP)
mapping. We collect the leave-one-out conditional choice probabilities into a vec-
tor as p,(z;) = {pi(d, z;) : d € D\{0}} € RP. If the agent i makes an optimal choice
for each current state (z:, ¢;) and all future states, then p,(z;) = A(0:(z1)).

Following the result of Hotz and Miller (1993, Proposition 1), we introduce the
inversion of the OCP mapping.

Proposition 1 (Hotz-Miller Inversion). Under Assumption 2 - 3, for any vector of dif-
ferences in choice-dependent value functions v,(x) € RP, the OCP mapping is invertible,
such that there is a one-to-one relationship between the vector of value differences and the
vector of conditional choice probabilities, that is, v,(z) = A; " (p,(7)).

2.2 Finite dependence property

We now derive a representation of the choice-specific value functions based on the
analysis of Arcidiacono and Miller (2011) and Arcidiacono and Miller (2019). The
following theorem shows that the difference between the value function V;(x;) and
the conditional value function v;(z, d;) is expressed as a function of the conditional
choice probabilities.

Theorem 1 (Lemma 1 of Arcidiacono and Miller (2011)). There exists a real-valued
function 14(p) for every d € D such that

Vi(ws) = Ya(py (1)) + ve(24, d). 4)

The function v4(p,) has an analytical expression or is straightforward to eval-
uate when ¢; follows the Generalized Extreme Value (GEV) distribution, of which
special cases include T1EV distribution and nested logit (Section 3.3 of Arcidiacono



and Miller, 2011). Moreover, the mass transport approach by Chiong et al. (2016)
can be used to evaluate v; for general distributions beyond the GEV.
For each triple (z;, 41, d;) € X? X D, consider a vector of weights

Wt+1($t+1|$tu dt) = (Wt+l(xt+17 0|$t7 dt)7 e Wt+1(95t+17 D|$t7 dt))T

that satisfy >, .p W1 (2e41, d'|24, di) = 1 and |[Wyp (2441 |7¢, di)|| < oco. Evaluating
equation (4) at t + 1, substituting equation (7) at ¢ + 1 into the resulting equation,
and taking their weighted averages across D choices give

Viri(@e1) = Y wesa (@i, d'lag, d) [wega (@00, &) + Qo (D (041))]

d'eD

+ Z Vt+2(37t+2) Z Wt+1($’t+1, dl|$t, dt)ft+1($t+2’$t+17 d,)- (5)

Tiqp2EX d'eD

By substituting equation (5) into the right-hand side of equation (7), we obtain
the following representation of choice-specific value functions:

ve(e, di) =us(w, dy) + B Z [g:‘_’;fl(xtﬂ) + szwl(ptﬂ(il?tﬂ))} fe(@iga|ze, dy)

Tir1€EX

+ 5 Z Vira(Tiy2) Z Jivffl<$t+2’$t+1)ft(37t+1’55t7dt)a (6)

Tr42€X Tp41E€X

where

Uy (Tp4) = Z Wit (Teg1, |2, dp) g (241, d'),

d'eD
P (D (1041)) 1= > Wea (@i, d |2y, d)ar (P (w141)),  and
d'eD
ﬁﬁtf1<$t+2|$t+1) = Z W1 (Tepa, d,‘xm di) fer1(Teqalmeqa, d')-
d’'eD

The formulation presented in (6) is derived from Theorem 1, equation (2.6),
within the work of Arcidiacono and Miller (2019). A critical distinction in our
approach lies in the selection of decision weights, w;,;. Unlike the methodology
proposed by Arcidiacono and Miller, who define weights solely based on the pair



(2441, d;), we determine weights for each combination of (x, x;11,d;). This exten-
sion modifies and broadens their original concept of 1-period dependence.

Taking a choice of 0 as the baseline choice, let the difference in value functions
between two distinct choices, d; and 0, be represented by o;(x;, d;) = v(z¢,dy) —
v(xt, 0) for d, € D\{0}. From (6), this difference can be expressed as follows:

Vy(24, dy) = (s, dy) + B Z [ (041) + OV (D (Te41))] fe(wrga |z, dy)

Ti1E€EX

+ﬁ2 Z W+2($t+2) Z ]ivffl($t+2’9€t+1)ﬁ($t+1’$tadt) ) (7)

Tiy2EX Tir1E€EX

where @, (z,d;) = w(zy, di) — w2y, 0) captures the immediate utility difference
between choosing d; over the choice of 0 while ﬁ(wtﬂ\xt, di) = fi(xes|xe, dy) —
fe(xt+1|xe, 0) is the difference in transition probabilities between the choices. The
term ;" (z411) + YV (pyy (2441)) Tepresents the expected future utilities in pe-
riod ¢ + 1 and V,;o(z¢+2) represents the expected value function in time ¢ + 2.

Definition 1 (1-period dependence). A model is said to exhibit 1-period dependence
when for every sequence of states and decisions (x;, T419,d;) € X* X D, there exists a
corresponding set of decision weights {wy 1 (xi1|Te, di) : (2441]2e, d) € X? x D} that
satisfy the following condition:

Z Jos (@ealze) [fe(@en| e, di) — filzalze, 0)] = 0. (8)

mt+1€X

Our definition of 1-period dependence broadens the definition established by
Arcidiacono and Miller (2019) due to the inclusion of z; in the decision weights, al-
lowing for a more expansive class of models to exhibit 1-period dependence. Tak-
ing advantage of the flexibility arising from the inclusion of z;, we develop a nu-
merical method designed to precisely identify the decision weights. This method
facilitates the construction of models with finite dependence, ensuring that our
approach is practically applicable in a variety of models beyond a model with ter-
minal states or renewal choices.

Under 1-period dependence, value differences in choice-specific value func-

8



tions between choices do not depend on the integrated value function V,, as

Up(e, di) = Ug(e, dy) + B Z [ (2041) + OV (D (T041))] fel@ei|me, di). (9)

Tir1E€EX

This analysis can be extended to finite dependence over multiple periods. Given
atriple (x4, |z, d;) € X*xDforT = 1,...,T, define the vector of weights wy (x4, |z¢, d;)
as

Wt+7(xt+7'|$ta dt) = (Wt+r($t+r> 0|$ta dt)a . >Wt+7(35t+r, D|35t7 dt))T s (10)

which satisfy the normalization condition .5, Wiy (2¢4r, d'|2¢,d;) = 1, and the
boundedness condition ||w;.|| < cc.
Let Wy (x4,...,2¢yr,d;) be defined as

Wiir(mg, oo Tpgr, di) = (We(e| g, di)s oo, Wigr (Tegr |1, dy)) - (11)

. Witr .
Then, define x, . (z¢4r41|7t, di) recursively as

Je(@e|ae, di), for 7 =0,
Woir Wosr
Kirr (Teria|Te, di) = meex ft‘f: (Ttrri1|Tegr, 7o, dy)
xnﬁiﬁfl(mtwmt, dy), forr=1,...,7,

(12)
where the function /1" uses the weights w;_. to adjust the transition probabilities

appr0priately: ﬁ‘ff (Z't+T+1‘xt+Ta T, dt) = ngp ft+r($t+r+1|$t+n d)Wt+r(5Ct+r+1> d|37t, dt)-

Then, we define the p-period finite dependence as follows.

Definition 2 (p-period finite dependence). Let p > 0 be an integer. A model exhibits
p-period finite dependence if, for all (x¢, x4 p1,di) € X2 X D, there exists a set of deci-
sion weights W, ,(z¢, ..., Tip, dt) as defined by equation (11), such that the following
condition holds:

w w
Firp  (Terprt|Te, di) — Ky (Tegpia |24, 0) = 0. (13)

Applying induction to equation (5) together with equation (7), we obtain the



following representation of value differences under p-period finite dependence:

p
Doz, dy) = (@, d) + BT > [0 (@igr) + OV (P (1)) Bt (@2, ),

T=1 Tiyr EX

(14)

Y@y |y, dy) = m}’ﬁ*q Y@y |y, dy) — Ii?:\::q '(@4r |7, 0). By substitut-

—

where &, +”
ing the derived representation of value differences in Equation (14) into the right
hand side of the OCP mapping in Equation (3), we can derive the likelihood func-
tion for estimating the model parameters, as discussed in Section 4.

An important special case is the 2-period finite dependence. A model exhibits
2-period finite dependence if there exists a set of decision weights {w; 1 (z¢41|x, dy) -
(141, 0, dy) € X € D} and {wyyo(Tiial@s, di) (2441, 71, di) € X? € D} that satisfy
the following condition:

D S @islee) Y R (weselren) [fi(@ial@i, di) = fi(wigalriin, 0)] = 0

Tiy2EX Tip1E€EX

for all (x4, 2443,d;) € X? x D. We introduce an algorithm that identifies such
weights and establish conditions under which a model exhibits 2-period finite de-
pendence.

3 Solving the decision weights

The predominant approach employed to determine the existence of finite depen-
dence in the current body of research is the “guess and verify” method. As a con-
sequence, nearly all empirical applications that invoke the concept of finite depen-
dence have concentrated on two specific cases of one-period dependence: models
that incorporate a terminal choice or a renewal choice (Arcidiacono and Miller,
2019).

To broaden the scope of the application, we propose a computational method
for determining decision weights that satisfy the conditions for the finite depen-
dence property, as defined by equations (8) and (13). Utilizing these weights, we
develop an estimator for conditional choice probabilities predicated on the concept

10



of near-finite dependence within nonstationary models.

To illustrate the idea, we restrict our analysis to a model with binary choices,
denoted by D = {0, 1}, in this section. Given the dichotomous nature of decision-
making, we adopt the streamlined notation for the weight function given by w; - (214 |z:) :=
Wer(ZTtr, 1|@y, 1) so that wiy (2447, 0|2y, 1) is represented by 1 — wy i, (z44,|z¢). Our
approach is straightforwardly applicable to a model with three or more choices.

Let Fy . and F; . be Markovian transition matrices representing the probabili-
ties of transitioning between states when action 0 and action 1 are chosen at time 7,
respectively. The matrices are defined by the transition probabilities f; (a:iﬁ)rl \x(ﬂ ), a)

for all states 7, j and action «a as:

Flz 200y o £ 20, 0)
Fo,:= : : and

Fle 299 0) o £ 129, 0)
1 1

fi 20 1)

FLT = :

X X X

Fola 289 1) o A28 1)

Further, we define the difference of transition density as

rs 1 1 rs 1

F@ 2D 1) o f@ 2,1
F’T = FLT - FO,T =

rs 1 X rs X

Fi@ a9 1) - A2 1)

3.1 1-period dependence

For 1-period finite dependence, we propose a method of computing a weight vec-
tor wiy1 = {wip(ze|me) o (we,2401) € X2} such that the difference between
v(xy, 1) and v(x, 0) does not reflect the influence of payoffs beyond time ¢ + 1. The
weight vector for 1-period finite dependence must satisfy the following condition:

Z Fror(@epalzes, VWi (ve|2e) fi(ep |2, 1)+Z Fi(@eia|ze, 1) fror (@esa] e, 0) = 0,
T4l Ti41

(15)

11



for all (zy, z410) € X2
Let W1 (zgs1|ze) = f (41]2t, 1)Wig1 (2441|2e). Then, rewriting (15) for all values

of (x4, 442) € X? in matrices, we may express (15) as

Wt—l—lf‘t—i-l + ﬁtFO,t—&-l =0,

where
it 1 1 1 1 s X 1 X 1
Fa e Dwey @120 o F@ )z, Dwe (2572
Wi = : :
Fa 1z Vw28 289 - Fab 2l Dwi (25])2809)

We define a new weight function W, (zi1]2:) = f(@i41]|2e) Wi (Te41|xe). This

function W solves the linear system as described by the equation:
\7Vt+1 = —FFO(F)Jr, FF(Wt+1) = WF + FFQ (16)

where (F)* denotes the Moore-Penrose inverse of the transposed matrix F.

3.2 p-period finite dependence

Consider the scenario where our goal is to minimize the weights over two distinct
periods, denoted by the weight vectors w; and w,. Given the complexity inherent
in estimating | X | possible trajectories, each dependent on a unique combination
of these weights, the minimization procedure is structured to proceed sequentially.
We assume that the (i, j)-th element of w,; is th(xg)H]xg)) and that of w, is
wa(af)la).

We initiate the optimization procedure with a given arbitrary weight vector
w;11. Our objective is to mitigate the influence of future expected values on the
likelihood of the current decision. To achieve this, we select a second-period weight

vector wy s by solving the following optimization problem:

Wiys = arg min FF (w1 )F(w),
where F symbolizes the initial configuration of the system, and F(w) denotes the

12



transformation matrix parameterized by weight vector w.

Analogous to the methodology applied for deducing w,;, we determine w;,
by employing a similar computational strategy, which facilitates the derivation of
an explicit expression for w;,,. The relationship between w,,, and w, is estab-
lished as follows:

Weaa(Tpa|re) = Bt (Tesal|Te, d)Wego (Teaa|zy),

where the definition of /?;tvri“ (x442|xt, dy) follows (13) and (14).

The definition results in the following equation:

~ ~ +
W2 = — (FF(wii)) (Fo(F))
FF(wi 1) F (W) = Wi oF + FF(w,.1)F,
- Wt+2F -+ W(l)FFO + F(F0)2

This formulation encapsulates the sequential optimization of weights, account-
ing for the intertemporal dependencies inherent in the decision-making process.
We can further extend the results to p period, where

Wiy =—(F F(Wt—i-l)a e F<Wt+p—1Z>F0(F)+7

~
p—1 periods

(FF(WHl)a o F(Wt+pfl)1)F(Wt+p) = Z Wi F(Fo)’ ™ + F(Fo)”).

TV
p—1 periods

Let F : W — F be a function mapping from some domain ¥ to a codomain F.
Let F be a fixed element in F, and let F* denote the Moore-Penrose pseudoinverse

of F. For a positive integer p, define the sequence (F*))?_ in F recursively by

T

, ifk =0,
]Al—;‘(kil)F(Wt+k), fOI‘ kf = 1, 2, e P

F*) = (17)

where each w,; is an element of W.

Then, the transformation that constitutes the one period ahead bias correction

13



mapping from F#~1 to F(*) can be expressed as

F0) = FP—UF(I — F'F), (18)

where f‘o is a fixed element in F associated with the bias correction, and [ is the
identity operator on F.
We have, for p period

p
FF(Wi), .. F(wiy,) = Wi oF + FVF,, = Z Wi FF + F(F)”.

S

B s=1

This formulation assumes that the operations involved are well-defined, such
as the product of elements in F and the existence of the Moore-Penrose pseudoin-
verse. It also assumes that the sequence of elements w, is given and that the
recursive definition of F*) is well-founded. The proposition is now more rigorous
as it clearly defines the context, the recursive relationship, and the transformation
in question.

In order to ascertain the rate of contraction within the mapping, it is imper-
ative to conduct an analysis of the singular values associated with the operator
Fo(I — F*F). It is noteworthy to mention that the term (I — F*F) represents the
orthogonal projector onto the null space of the matrix F. This orthogonal projec-
tor is instrumental in determining the behavior of the mapping in the context of
convergence and stability analysis.

Let us define the projection matrix onto the null space of F as
Py = <I — F"—f‘) .
Given the relationship W, = —F(¢~DF,F*, we can plug in to obtain:

p—1

0 — B0 DR (T- F*F) = FO(Fo(1- F'F))

_ (thF n FFO) <F0 (I— F+F))’H.

14



When weights are chosen optimally, we have:

FO) = _(FF,) (FOPF) i (I — (F (FOPF) " (F (FOPF> H)) :

and also:
Wit = —(FFo(FoP; ) p_l) (F(FoPz) p_l) "

3.3 2-period finite dependence

We now consider a model with 2-period finite dependence. To express the weight
vector w®), we first relate it to w;,», which is in turn expressed as a function of
w11. If we re-optimize w,;; given w,;» and apply the previously derived expres-

sion

Wipo(Wig1) = — <Wt+1F + FFO) FoF™,
we obtain the following:

FF (W) F(Wisa(Wepr)) = <— (wmﬁ + FFO) FoF*F + W, FF, + FF3>
— w, ., FF, <I . }?“ﬂ?“) + FF? (I - Fﬂ?“) .

In terms of optimality, when determining the 1-period weight matrix, the first
period weight matrix should be selected optimally as

~ ~ +
Wil = ~FFPg (FFoPg)

And
B® = FEGF P (I (FFoPg)" (FFoPy) ).

Let F € RP)X*X and consider its Singular Value Decomposition (SVD):
F=UzS;V{,
where Uz € RPX*(D)X contains the left singular vectors, S € R(P)X*X jg a diag-
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onal matrix with the singular values, and Vi € R**¥ contains the right singular

vectors. Since F does not have full rank, we can partition S as follows:

where S, is a rank(F) x rank(F) matrix.

Given that F is the difference between two Markov transition matrices, and
using the properties inherent to Markov matrices, we can infer that the rank of F
is less than X. Thus, we can express the projection matrix Pg onto the null space
of F using the right singular vectors corresponding to the zero singular values as
follows:

Pi = ViXnai Vi

where Xy, is a diagonal matrix with entries

ENUH(F):dlag O,...70,1,...71

rank(F) zeros

Now, let Sy = Vg F( V. Since VIT‘, is unitary, we have F, = VFSOV; Partition-

ing the matrix of S, yields:

So0.00 So.01
_ - Y -
S, — rank(F) xrank(F) rank(F) xnullity (F')
0=
So.10 So.11
~—~— ~—~—

nullity(F) xrank(F)  nullity (F) xnullity (F)

Proposition 2. Suppose that F is the difference between two Markov transition matrices
and F is a Markov transition matrix. If So o1 = 0, then the model exhibit 1-period finite
dependence, i.e., FV) = 0.

Proposition 2 elucidates the characteristics of Model 2 with respect to its 1-
period finite dependence. This proposition delineates a sufficient condition for

the establishment of 1-period finite dependence within the model framework. It
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posits that the null space of F remains invariant under the transformation induced
by F,. Within this framework, a myriad of specific instances are encapsulated, in-
cluding but not limited to, the phenomena of absorbing states. Additionally, the
framework facilitates the identification of a pertinent weight vector, an assertion
corroborated by the findings of Arcidiacono and Miller Arcidiacono and Miller
(2019), who have contributed significantly to the discourse on nonstationary dy-

namic models.

Proposition 3. Suppose F is the difference between two Markov transition matrices and
F is a Markov transition matrix. If So 01S0.11(I — 8&0180701) = 0, then the model exhibit

1-period finite dependence, i.e., F®) = 0.

The results presented herein offer insightful interpretations. Firstly, if a model
exhibits 1-period finite dependence, denoted by Sy = 0, it inherently satisfies
the criteria for 2-period finite dependence. In other words, the condition for 2-
period finite dependence is automatically met in such cases. On the other hand,
if Sp 01 possesses full rank, the criterion for finite dependence is likewise fulfilled.
It is typically observed that when the state transition is stochastically dependent
on the actions, Sy o; is of full rank. This observation underscores a fundamental
relationship between stochastic state transitions and the structural rank of Sy,
linking decision-making processes to the concept of finite dependence in dynamic
models.

[Add an example that S ; is of full rank.]

3.4 Computational details: overcoming the curse of dimensional-
ity

When dealing with sequential mapping, we can prevent the curse of dimension-

ality by avoiding the recursive multiplication of large matrices of F when solving

for weight. The approach involves dividing the state into two parts: w represents

the states that are affected by the decision, while z represents the exogenous state,

which means that the state’s transition is not influenced by the decision. By the

definition of W1, we have the following formula and calculation result:
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Wit = —]’-:~‘]5‘0(]’5~‘)Jr - _(Fwaﬂﬁ‘:) ®F-,
%/_/
W, t+1

FF(w) = F,F,o(I— (F F,)) ®F.,

where (FT)* is the Moore-Penrose inverse of matrix F'. The computation of
(FT)* is potentially costly, so we make use of this assumption. Partition the state
variables into (w, z) where the transition of w depends on the action d and the tran-
sition of ~ does not.

ThenF;=F,,@F.. ThenF = [F; —Fy:d € D,d # 0] = [(Fyq — Fu0) O F, :
deD,d#0]. LetF, = [(Fuqg—F.p):deD,d#0], then (F")* = (F))* @ (F])*.
Therefore, it is sufficient to only compute (F)*.

Plug in recursively to obtain W,

Wiyz = — (FF(wy 1)) Fo(F)t = —(wmﬁ + FFO)FO(F)+

= — ((Fwa,O + VVu,t-&-lf‘w)Fw,OFI) ®(F2)2

J/

TV
W, t+2

Plug in to get the bias correction mapping for 2 period ahead value function:

BIFF (Wi 1)F(Wepo) = B5(WipoF + Wi FFy + F(F)?)
= Bg (Ww,t+2ﬁw + Ww,t+1Fwa,O + Fw(Fw,O)Q) ® (IFZ)3

More generally,

p
FF(Wi 1), ..., F(wyy,) = Z Wiy sF(Fo)’ ™ +F(Fo)”.
s=1

Therefore,

p—1
vvt—&—p == _< Ww,t-ﬁ-st(pr)p_s + Fw(Fw,O)p> F:;_ ®F§

s=1

S

Vv
Wuw,t+p
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Then

FF(Wt—i-l) ) Wt+p <

H Mb

Wy t-l—s w w 0)p_8 + Fw(Fw,O)p) ® F%+1-

4 Estimation

We aim to estimate structural parameters, such as preferences, transition probabili-
ties, and the discount factor 3, for a dynamic discrete choice model with an infinite
horizon. Agents, who make choices from a discrete set D, seek to maximize their
expected utility, which is the discounted sum of time-separable one-period utility
functions U, (d,, s;). These decisions are based on state variables s; and take into
account a Markovian transition probability p;(si1|ds, s¢).

The panel data for N individuals comprises actions d; and a subset of state
variables z;. Here, s, includes both public information variables x,, observable to
researchers and agents, and private information variables ¢;, known only to the
agents. Our goal is to reliably estimate the structural parameter § using this data,
which spans Ty,t, periods.

Assumption 4 (Type-I extreme value). The private information variables ¢, = {e,(d) :
d € D} is independently and identically distributed with a Type-I extreme value distribu-

tion, where g;(&;|x;) = Haep exp{—€;(d) — exp(—e,(d))}.

Example 1 (Hotz-Miller Inversion under Type I Extreme Value assumption). When
Assumption 4 holds, the OCP mapping and its inverse mapping have a closed-form ex-
pression as follows:

A(wla)(d ) = gﬁp@i‘i’(?@ 7))

A (py(x)) =log (1 = py(2)e)) 'py(2))

ford e D and

where 1p = (1,...,1)" are D-dimensional identity matrix and unit vector, respectively.
Furthermore,

Ya(p(x)) =~ —Inp(d,z) fordeD,

where v =~ 0.5772 is the Euler constant.
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4.1 Conditional Choice Probabilities estimator under p-period fi-

nite dependence

We develop a computationally attractive estimator for non-stationary models by
using the representation of value differences in equation (13) together with the
mapping from value differences to the conditional choice probabilities in (3).

The characterization of finite dependence discussed in Section 2.2 can be nu-
merically exploited to develop a computationally attractive estimator. Essentially,
we don’t need to solve for w,, because the conditional choice probability p(z;, d:) =
A(v(x, dy)), so we only need to have a convenient expression for o(z, dy).

We assume that z; is written in a vector form with K variables as v; = (214, ..., 7x¢) ',
where each element z} for k = 1,..., K has a finite support. For identification, we
impose normalization condition that u;(z¢,0) = 0 for all z; € X and we further

assume that the instantaneous utility function is a linear function of (zy;, ..., Tx):
(g, d) = uy (e, d) = 03 + 0%, + ... + 0%ag, ==z, 0°

with ¢ = (0¢,...,04)" ford =1, ..., D.
We estimate ¢ by minimizing the log-likelihood function.

N Tyata

00 = argmax > > log A(0) (2, 0))(ds, 1),

i=1 t=1
where A(-) is the OCP mapping and 9* "°(x;) is a vector of p + 1-period-finite-
dependent characterization of value difference: ¥*™°(z,) = {0""P(x,d) : d €
D/{0}}-
Then the near-finite-dependent characterization minimizes the impact of omit-

ting the value function two periods ahead.

P
ﬁf_FD(fEn dt) = fbt(%a dt) + Z g Z /%tv—\:trﬁfl(xt-%fyxt? dt)
T=1

TiyrEX

X [ (e, de) + OV (D (T ) |2, dy)]
(19)
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Suppose that we estimate the conditional choice probabilities p, and transition
functions f(z441|7, d;) in the first stage, the estimators of which are indicated by
p, and ft(a:tﬂ\xt, d:), respectively. Furthermore, suppose that given ft(xtﬂ\a:t, dy),
we have estimated the decision weights W, under which a model exhibits p-
period finite dependence, following a procedure discussed in the next section.
Let Wi (2, ooy Zgr dy) = (Wo(2y, 2g1, dy), ooy Woar (2140 |70, dy)) be the estimated
weights.
Define

ﬂﬁfl(l’m!%dt) = Z Wt+1($t+1ad/‘xta dy)ug g1 (Teqr,d'),

d'eD
PV (D ()| di) == D W (@, &z, d) e (P (w40)),

d'eD

ﬁ(xt+1’xt> dy), for 7 =0,
Rt (T |20, di) = Y veex frrn (@epri|Togr, 2o, dy)

XRp T (T |2, dy), forr=1,...,T,
with ﬁﬁtfl($t+2|$t+1a$tadt) = Z Wit (Ter1, d'|2e, do) fron (Tega| T, d).
)

In this subsection, for brevity, we assume that both the transition function and
the decision weights W, , under which a model exhibits p-period-finite depen-
dence are known to econometricians. Furthermore, for identification, we assume
that w;(z;,0) = 0 for all z; € X and the utility function is specified in linear in

parameters as:
(e, d) = uy(zy,d) = 2, ° ford € {1,2,...,D}. (20)

Example 2 (Type-1 Extreme Value continued). For TIEV, ¢4(p,(2)) = v — Inp:(d, 2)
with v ~ 0.5772. Suppose that we have solved the weight W, under which a model
exhibits the dependence of the p + 1 period. Then the finite dependence estimator estimator
is constructed as

N Tdata
070 = argmax > " " log A(HY**(dy, 2,) "0, + hWVee (dy, z,)),

i=1 t=1
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where

p
HWt+p (dt7 xt) =Tt + Z BT ’%X_\:;—_'—_Tl_l <$t+7|$t, dt)xt—l—T(l't)

=1 J}t+7—€X

W (dy, 2,) = Z D Rt @l )Y (D (), ).
=1

TiprEX

5 Monte Carlo simulation

In our simulation, we analyze an entry/exit problem within a dynamic framework
that can be adapted to both stationary and non-stationary environments, with a
focus on non-stationary transition dynamics. Our model extends Aguirregabiria
and Magesan (2016) by incorporating past entry decisions into profitability, rep-

resented by the structural vector § = (Y7, 077 0y 05C, 6FC 0FC 9EC)

. This ap-
proach is further refined with lagged productivity effects as in Kasahara and Shi-
motsu (2018), which challenges the finite dependence structure of the model. In a
Monte Carlo simulation designed to compare the effectiveness of estimation meth-
ods in various environments, the FD and FD2 methods, which are alternatives
to the traditional Hotz-Miller estimator, demonstrated substantially quicker com-
putation times, particularly in scenarios with large state spaces. This advantage
is crucial in stationary environments. For models lacking 1-period finite depen-
dence, such as those with absorbing states discussed in Arcidiacono and Miller
(2011), FD2 remains applicable due to its reliance on 2-period finite dependence.
In non-stationary environments, where the Hotz-Miller (HM) estimator is unsuit-
able, the FD class of estimators becomes essential. The FD2 estimator excels in
these settings, exhibiting minimal bias. In contrast, both the FD method and FD
without the z;-dependent weight characterization are less effective, as they tend to
produce biased estimates.

The state variables are x = (21, 22, 23, 24, w, y), Where y signifies a firm’s market
presence, and e captures unobserved heterogeneity. Firms, observing (z, €), decide
whether to operate (d = 1) or not (d = 0).
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The state at time ¢ is (214, . . ., 244, Wi, Y1, €), wWith y, determined by the previous
period’s action a;,—;. The firm’s flow payoff, as described in equation (21), com-
prises variable profits (V' P), fixed (F'C'), and entry costs (EC'). Operating firms pay
FC and, if entering, additional EC.

w(dy, 24 0) = d,(VP, — EC, — FC)
where V P, = exp(w) [0y 7 + 01"z + 05 ¥ 23]
FC, = [0 + 07 23]
ECy = (1= y)[05° + 67 2.

(21)

Table 1: Parameters in Data Generating Process

Payoff Parameters: 0yF =05 67 =1.0 0y P = —1.0
0/¢ =05 0F¢=1.0
0F¢ =10 0F¢ =10
Each z, state variable | zx; is AR(1), V=0, W=090=1

Productivity wy is AR(1), % =0, 7 =09,0=1
Discount Factor 8 =0.95.

The exogenous shocks (21, 22, 23, 24, w) independently follow AR(1) processes.
We apply the method by Tauchen (1986) to discretize these processes into a finite
state space. Let K, and K, represent the number of discrete points for z; and w,
respectively. The resulting state space has a dimensionality of X = 2x K7 x K,. We
let 2y, ..., z4’s transition density be independent of the action chosen. To discretize
each z;, we define K, support points with interval widths w](.k) = z§k+1) - zj(k). The

latent variable %;;, following the process %;; = v} +7] %1 +¢;; with ej; SN (0,03),
,yk
1—075
variance o} = O The discretization grid is established using quantiles at
1
0.5/K, and 1 — 0.5/ K, of this distribution.

We model the productivity shock @, as a function of past actions, following

and

is discretized by determining its normal distribution with mean i, =
k

the process @, = 75 + di—17a + Vy@i—1 + €1, where the disturbance term e, is
independently and identically distributed as N(0,07). In the stationary context,
76, is set to zero for all ¢. Conversely, in the non-stationary scenario, v, varies with

time, assuming values [—0.8,0.8,0, —0.3] for t = 1,2, 3, 4, respectively. Because of
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the nature of the transition matrix, I fix the maximum to be 1 and the minimum of
the grid point to be -1.

5.1 Monte Carlo simulation weight solving time

Suppose we are interested in the broadening of the weight concept to encompass
multiple periods. In this section, we engage in a comparative analysis of the time
required for weight computation utilizing the proposed algorithm against conven-
tional time measures. Specifically, the “Time” columns in the table delineate the
duration necessary for computing the weight, as well as for resolving the func-
tions H and h. To establish a benchmark for comparison, we also document the
time expended in executing the Hotz-Miller (HM) inversion process. It is note-
worthy that the computation of the weight and the subsequent linear components
of the estimators is relatively cost-efficient compared to an HM inversion, thereby
underscoring the computational attractiveness of our proposed method.

Furthermore, in the “Norm” columns, we report the largest singular values of
the perturbation F® for p = 1,2. This metric can be construed as an indication
of the influence that the p + 1 value function exerts on the Conditional Choice
Probability (CCP) estimator. The norm, when calculated with p = 1, is not ideally
minimal; however, for p = 2, it approaches zero, suggesting a negligible impact
when the full solution is contemplated.

When the weight is resolved sequentially, first by calculating w;,; and then
W42 the norm is reduced compared to a single period analysis but does not achieve
a value sufficiently close to zero. This finding is instrumental in illustrating the
trade-offs between computational efficiency and accuracy within the context of
extending the weight to multiple periods.

5.2 Stationary 2-step estimator

The table presents the performance of two-step estimators under a stationary model
with different configurations, specifically focusing on the mean estimates for var-
ious parameters across different methods. The simulations are based on a sample

size of N = 30 and 7' = 40, with two distinct values for the exogenous variable
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Table 2: Timing Analysis and Weight Vector Computation for FD Algorithm

N state Time Norm
Solving HMInverse FD1 computew  FD2 FO F®

Finite Dependence v = 0

64 0.022 0.001  0.001 0.001 0.001 3.27E-17  3.78E-17
96 0.027 0.000  0.001 0.001 0.002 1.94E-17 1.71E-17
128 0.047 0.001  0.000 0.000 0.002 5.83E-17  6.69E-17
160 0.046 0.001  0.001 0.001 0.002 6.39E-17  4.61E-17
324 0.118 0.006  0.002 0.001 0.004 3.37E-17  3.93E-17
486 0.923 0.022  0.006 0.002 0.027 1.99E-17  1.78E-17
648 2.011 0.064 0.013 0.003 0.051 6.00E-17  6.95E-17
810 2.328 0.073  0.020 0.007 0.072 6.58E-17  4.79E-17
1024 3.948 0.122  0.029 0.008 0.114 3.44E-17  4.04E-17
1536 9.555 0.401 0.064 0.014 0.265 2.03E-17 1.83E-17
2048 16.858 0.859  0.111 0.028 0.445 6.13E-17  7.15E-17
2560 25.840 1.451 0.184 0.044 0.683 6.72E-17  4.93E-17
2500 24.506 1.285 0.165 0.046 0.645 348E-17 4.11E-17
3750 56.645 3.810 0.382 0.103 1.445 2.06E-17  1.86E-17
5000 96.439 8.255 0.717 0.183 2.528 6.19E-17  7.27E-17
6250 138.782 15.692  1.088 0.311 3.938 6.80E-17  5.01E-17
15552 883.166 177.803  6.113 1.710  24.993 8.65E-17  8.61E-17
18144 1270.952 260.719  8.800 2503 33.075 725E-17  7.63E-17

Non-finite Dependence v = 0.5

64 0.022 0.000  0.000 0.000 0.001 145E-01  5.03E-17
96 0.031 0.000  0.001 0.001 0.001 1.77E-01  7.98E-17
128 0.044 0.001  0.000 0.000 0.001 1.95E-01  4.99E-16
160 0.052 0.002  0.000 0.000 0.002 1.99E-01  6.04E-14
324 0.094 0.005 0.002 0.001 0.004 1.49E-01 5.22E-17
486 0.862 0.025  0.008 0.003 0.026 1.82E-01  8.30E-17
648 1.532 0.042 0.012 0.004 0.049 2.01E-01 5.19E-16
810 2.392 0.066  0.023 0.006 0.088 2.05E-01  6.28E-14
1024 4.128 0.139  0.032 0.008 0.119 1.53E-01 5.37E-17
1536 10.325 0.414  0.070 0.020 0.232 1.86E-01  8.53E-17
2048 16.992 0.856  0.109 0.026 0.421 2.05E-01  5.34E-16
2560 27.044 1.475  0.170 0.045 0.657 2.09E-01  6.46E-14
2500 24.567 1.275 0.164 0.046 0.655 1.54E-01 5.46E-17
3750 55.723 3.795 0.378 0.097 1.456 1.88E-01 8.67E-17
5000 96.322 8304 0.751 0.188 2.559 2.07E-01  5.42E-16
6250 127.850 15.018  1.065 0.282 3.874 2.11E-01 6.56E-14
15552 928.958 167.627  6.516 1.774  24.006 2.23E-01  3.84E-11
18144 1297.067 252.541 8.561 2435 32995 2.32E-01 4.61E-08

! Computation Time: Details the duration required for different computational tasks.

1.a Solving Time: Duration for a single iteration of solving for the model’s fixed point for a candidate parameter.
1o Hotz-Miller Inversion Time: Time required for inverting the matrix I — SFF, a critical step for the Hotz and
Miller (1993) estimation procedure.

1< Computation for w: Time taken to compute the weight vectors as described in Section 3.4.

LdFD1/FD2 Time: Time required to execute the FD1/FD2 estimator after obtaining the weight vector.

2Norms of F(1) and F(2): These are the largest singular values from the bias correction mappings. They indi-
cate the influence of future value function on the current one. The near-zero value of F(?) under all conditions
suggests that it is possible to identify weight vectors that ensure models exhibit the finite dependence property.
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Figure 1: Comparative Computation Times for FD Weight Solving and HM Inver-
sion as a Function of State Space Size

Case 1: Finite Dependence Case

—— HM Inversion
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Note: This figure contrasts the computation time required for Fixed-Decision (FD) weight
solving with that of Hotz-Miller (HM) inversion, relative to the size of the state space.
The cubic increase in computation time for HM inversion with state space size suggests
a higher computational complexity. Conversely, FD weight solving demonstrates a sub-
cubic rate of increase, implying enhanced scalability for larger state spaces. Such insights
are pivotal for evaluating the computational trade-offs between initial setup times and
long-term scalability when applying the FD and HM methods to extensive models.
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Table 3: Mean Estimates from Two-Step Estimation: Sample with NV = 30, 7" = 40

Estimator ~ §YF0 oVP1 oyP2 gFco grct pECO gECt Time Time Inv

X =2500,74 =0

HM 051  1.021 -1.018 048 1012 098 1013 12115  1.1413
(0.149)  (0.091) (0.091) (0.237) (0.097) (0.223) (0.137)

FD 0508 1017 -1.013 0502  1.007 0968 1004 02002  0.1494
0.151)  (0.079) (0.077) (0.275)  (0.09)  (0.238)  (0.094)

FD2 0508 1012 -1.009 0515 1.006 0961  1.002 06375  0.0918

(0.17)  (0.046) (0.047) (0.306) (0.06) (0.242)  (0.072)
X = 2500, v, = 0.5

HM 0514 1019 -1.017 0518 1015 0961 0997 11918  1.1178
(0.149)  (0.09) (0.094) (0.319) (0.099) (0.282)  (0.143)

FD 0506  1.044 -1.041 038 1014 0963 1006 00957  0.0454
0.146)  (0.097)  (0.1)  (0.391) (0.097) (0.289) (0.107)

FD2 0.52 103 -1.025 0527 1019 0956 1001 06175  0.0903

0.149) (0.122) (0.126) (0.395) (0.125) (0.288)  (0.12)
X = 12960, 74 = 0

HM 0509 1018  -1.02 0515 1012 1013 1015 944154  94.3492
0.167)  (0.086) (0.082) (0.286) (0.081) (0.225) (0.118)

FD 0509  1.018 -1.021 0515 101  1.004  1.011 12910 12427
(0.168)  (0.082) (0.078) (0.303) (0.081) (0.216)  (0.099)

FD2 0511  1.023 -1.031 0514 1.016 1008 1016 158718  2.4842

0.156)  (0.092) (0.093) (0.234) (0.081) (0.22)  (0.098)
X = 12960, v, = 0.5

HM 0.502 1.021 -1.016 0.474 1.006 1.018 1.02 94.3912 94.3184
(0.164)  (0.093) (0.091) (0.364) (0.093) (0.287) (0.137)
FD 0.484 1.022 -1.018 0.31 1.01 1.009 1.027 1.3737 1.3106
(0.209)  (0.046) (0.043)  (0.965)  (0.093) (0.274)  (0.109)
FD2 0.501 1.028 -1.019 0.446 1.005 1.005 1.013 15.7964 2.4861
(0.169)  (0.115)  (0.113)  (0.466) (0.12) (0.275)  (0.112)
1£)gta generation parameter set 6: GB’P =0.5, GYP =1.0, 0¥P =-1.0, 650 =0.5, GIfC =1.0, 9530 =1.0,
9EC =1.0.

2 Table entries represent the mean of 100 Monte Carlo simulation estimates (first row) and the correspond-
ing standardized mean squared errors (second row) for each estimator. In the 1-period finite dependence
scenario (v, = 0), all estimators are consistent. In contrast, for non-1-period finite dependence (v, = 0.5),
only the HM and FD2 estimators maintain consistency.

3 7Time” indicates the computation time required for each estimator. “Time Inv” refers to the time spent
on matrix inversion for the HM estimator. For FD estimators, “Time Inv” represents the time taken to com-
pute the optimal weights. The FD and FD2 estimators outperform the HM in terms of speed, particularly
when dealing with larger state spaces.
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X and the autocorrelation parameter ,. The estimated parameters are denoted
by OVF for variance parameters, 05C for first coefficient parameters, and 65° for
the second coefficient parameters. The computational time and time involved in
inversion (if applicable) are also reported.

Under the scenario where X = 2500 and v, = 0, it is observed that the estima-
tors HM, FD, and FD2 provide mean estimates close to the true parameters values
of yF = 0.5, 6 = 1, and 0¥ = —1. The standard errors are relatively small,
indicating precision in the estimates. The time taken for computations is signifi-
cantly less for the FD and FD2 estimators compared to the HM estimator, with FD
being the fastest. When +, is increased to 0.5, the mean estimates of the parameters
remain relatively stable, with some increase in standard errors, suggesting that the
presence of autocorrelation affects the precision of the estimates. In this case, FD
remains the fastest, suggesting efficiency in computational time.

When the value of X is increased to 12960 while keeping ~, = 0, the mean es-
timates remain consistent with the true parameter values, and the standard errors
do not show a significant increase, which indicates that the increase in the exoge-
nous variable does not substantially affect the estimator’s performance. However,
the computational time for the HM estimator increases drastically, highlighting its
computational inefficiency for larger datasets. In the FD and FD2 estimators, the
time increases as well, but not as dramatically, showing their relative computa-
tional efficiency.

With both X = 12960 and ~, = 0.5, the mean estimates are still consistent with
the true parameters, although the standard errors are somewhat larger compared
to the case with no autocorrelation, which is expected as autocorrelation generally
makes estimations more challenging. The computational time remains high for the
HM estimator, while FD and FD2 show better computational efficiency.

Overall, the results indicate that the FD and FD2 are more computationally
efficient than the HM estimator, especially as the size of the exogenous variable
increases. The estimators” performance is relatively robust to the presence of au-
tocorrelation, although it does increase the standard errors slightly. The results
highlight the importance of considering both estimation accuracy and computa-

tional efficiency when choosing an estimator for practical applications.
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5.3 Non-stationary 2-step estimator

The table reports the estimation of parameters for non-stationary models. Tra-
ditional methods like the Rust successive approximation or Hotz and Miller’s ap-
proach fall short, mainly due to the challenge of determining the future value Vygq,
at the terminal period.

The innovative FD2 method estimates the weighted transition probabilities with
2 period weights w1 (241 |7;) and Wy o(210|2), and it performs remarkably well
in minimizing bias and mean squared error (MSE), as seen from the values in
brackets. Overall, the FD2 method outperforms all other methods, with smaller
bias and lower MSE.

It is worth noting that if we allow the weight to be specific to the value of z;,
as suggested by the weight search algorithm proposed by Arcidiacono and Miller
(2019), we can keep the advantage of the Kronecker product structure of the transi-
tion densities. We refer to the weight-solving proposed by Arcidiacono and Miller
(2019) as FD without x,-dependent weights. However, using this method can sig-
nificantly increase the time required for solving weights in high-dimensional mod-
els. Furthermore, if we do not allow the weight to be based on z;, our approach
delivers inferior results compared to the FD method in terms of attaining a lower p
for w;; 1. This implies that the FD method is more effective in discovering the op-
timal weights and providing a more precise estimation of the model parameters.

In the table, we can observe the effectiveness of the FD2 method in estimating
the non-stationary model parameters compared to the traditional FD method and
the FD method without z;-dependent weights. The table presents the estimated
values for the parameters VP0, VP1, VP2, FCO, FC1, EC0, and EC1, as well as the
time and values for p; and p,;. The numbers in brackets denote the respective bias
and mean squared error (MSE).

When analyzing the table, it is evident that the FD2 method has a smaller bias
and lower MSE compared to both the FD method and the FD method without
x,-dependent weights. This highlights the superiority of the FD2 method in es-
timating nonstationary model parameters more accurately. Additionally, the time
required to solve weights in high-dimensional models can be significantly reduced
by using the weight search algorithm proposed by Arcidiacono and Miller (2019).
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In conclusion, the table demonstrates the performance of the FD2 method in es-
timating the parameters of nonstationary models, providing more accurate and
precise results than the FD and FD without z;-dependent weights methods.

The FD method without the z; dependence requires a brute-force approach to
determine the weights, resulting in a time-intensive process. However, incorporat-
ing x,-dependent weights allows for the utilization of Kronecker products, which
streamlines the computation of weights and significantly enhances efficiency. This
refinement in weight characterization results in a more practical and expedient

estimation process for complex models.

6 Extension to dynamic game

In the context of game settings, individual players can exhibit finite dependence.
This means that for each player, the state variables’ transition matrices are in-
fluenced by the player’s arbitrary weighting of their potential future decisions
(as long as the weights sum up to one within a given period), while the other
players adhere to their equilibrium strategies. Determining finite dependence in
games cannot solely rely on the transition primitives, as in individual optimiza-
tion. Whether finite dependence exists can also depend on which equilibrium is
played. This is not a paradoxical outcome, as different equilibria in the same game
can reveal varying information about the primitives, thus naturally requiring dif-
ferent estimation approaches.

In the games setting, assume there are i players making choices in period ¢ =
1,...,T. The systematic part of payoffs to the i-th player not only depends on his
own choice in period ¢, d;;, the state variable x;, but also the choice of the other
players, denoted using dg_i) = (dél)7 e ,dii_l), d§i+1)7 . ,dﬁN)). The flow utility of
player i is denoted by U (24,d,d") + €4, where eg? denote the identically and
independently distributed random variable that is private information to player i.
Although the players all face the same observed state variables, these state vari-
ables typically affect players differently. For example, adding to the i-th player’s
capital may increase his payoffs and reduce the payoffs to the others. For this

reason, the payoff function is indexed by it.
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Table 4: Estimator Performance in a Non-Stationary Environment with Time Hori-
zonT =4

VPO  VPI VP2  FCO  FCl  ECO  ECl  Time(s)  F{? P
True 0 05 1.0 -1.0 05 1.0 1.0 1.0
X=1024, v, =0
FD 0498 1010 -1.008 0526 1022 0985 1008 012  518E-17 263E-17
(0120)  (0.094) (0.091) (0.194) (0.071) (0219) (0.090)  0.07
FD2 0502  1.004 -1.002 0511 1000 0990 1000 037  9.38E-15 2.62E-17
(0.056) (0.027) (0.022) (0.137) (0.001) (0215) (0.001)  0.15
FD 0495 1016 -1.015 0491  1.002 1002 099 104691 237E-16 431E-16

(no z;-dependent)  (0.118)  (0.096) (0.093) (0.190) (0.067) (0.216)  (0.090)  1046.86
X=1024, v, = 0.5

FD 0477 1103 -1.104 0111 0984  1.023  1.003 0.11 1.01E-01  1.58E-01
(0.132) (0.135) (0.134) (0.445) (0.081) (0.227)  (0.086) 0.06

FD2 0497  1.011 -1.011 0467 1010  1.029  1.002 0.21 3.56E-17  6.83E-17
(0.115)  (0.091) (0.092) (0.254) (0.099) (0.234)  (0.099) 0.16

FD 0432 1117 -1118 0067 0953 0905  1.028  767.69  1.13E-01 3.11E-01

(no z;-dependent)  (0.143)  (0.156) (0.153) (0.468) (0.094) (0.216) (0.125)  767.64

X=2500, 74 =0

FD 0505  1.017 -1.017 0515  1.027 0976  0.998 0.44 524E-17  2.66E-17
(0.111)  (0.083) (0.082) (0.172) (0.088) (0.249)  (0.095) 0.40

FD2 0498  1.000 -1.000 0502  1.000 0991  1.000 1.11 953E-15  2.66E-17
(0.047)  (0.000) (0.000) (0.140) (0.001) (0.245)  (0.001) 0.91

FD 0502  1.021 -1.021 0479  1.007 0997 0986 2363446 1.36E-16 1.87E-16

(no z;-dependent)  (0.111)  (0.084) (0.082) (0.169) (0.084) (0.247) (0.095)  23634.41

X=2500, v, = 0.5

FD 0476 1115 -1.114 0103  1.000  1.008  1.000 041 1.03E-01  1.60E-01
0.133) (0.155) (0.154) (0.450) (0.099) (0.258)  (0.096) 0.36

FD2 0489  1.009 -1.005 0485  1.021  1.005  0.999 095  3.62E-17 6.94E-17
(0.119) (0.092) (0.082) (0.232) (0.125) (0.270)  (0.110) 091

FD 0424 1124 -1.123  -0026 0952  1.059  1.002 672581 1.66E-01 2.33E-01

(no z;-dependent)  (0.155)  (0.172)  (0.170)  (0.561) (0.108) (0.261) (0.098)  6725.76

Note: This table compares estimator performance in non-stationary conditions over a time horizon of 7" = 4. True parameter
values (0) are included for reference.

! The evaluated estimators, FD and FD2, are analyzed both with and without weights depends on ;.

2 The coefficients VP0, VP1, VP2, FC0, FC1, EC0, and EC1 represent different estimator parameters. The true values are provided
in the first row, and the second row presents mean estimates derived from 100 Monte Carlo simulations. Values in parentheses
indicate standardized mean squared errors.

3Time” denotes the computational duration in seconds, where lower values suggest more efficient performance. For FD with-
out x; dependence, computation times are significantly higher for moderate state space sizes (e.g., X = 2500). Conversely, FD
and FD2 estimators show much lower time costs.

4 F(l2 and F22 quantify the bias correction in the estimators, with values nearing zero signifying greater precision. In scenarios
where 7, = 0.5, these metrics indicate a noticeable bias in estimator performance, particularly for the FCO coefficient.

5 The ~y, parameter values of 0 and 0.5 delineate finite-dependence: 0 implies a 1-period finite dependence, whereas 0.5 suggests
a departure from this pattern. For 1-period finite dependence models, all estimators are consistent. For non-1-period finite de-
pendence models, only FD2 is consistent, with the FD biased.

® The variable X represents the sample size used in Monte Carlo simulations, with larger values expected to produce more pre-
cise estimators.
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The players make simultaneous decisions in each period. We let pe(d ) |zy)
denote the joint conditional choice probability that the players aside from 7 collec-
) (4)

tively choose ™" at time ¢ given the state variable ;. Since ¢; ' is independently

distributed across all the players, pe(d"|z,) has a product representation:
puldf ) = g (e |e) ). 22)

We assume each player acts like a Bayesian when forming his beliefs about
the choices of the other players and that a Markov-perfect equilibrium is played.
Hence, the players’ beliefs match the probabilities in equation (22). Taking the
expectation of U}(n) (s, dg_”)) over dg_”), we define the systematic component of
the current utility of player ¢ as a function of the state variables as

() (@) = Eyompues [P | @) Uf () |, dy ™" (23)

The values of the state variables at period t+1 are determined by the period t
choices by all the players as well as the values of the period t state variables. We
consider a model in which the state variables can be partitioned into those that are
affected by only one of the players and those that are exogenous. For example,
to explain the number and size of firms in an industry, the state variables for the
model might be indicators of whether each potential firm is active or not and a
scalar to measure firm capital or capacity; each firm controls its own state variables,
through their entry and exit choices, as well as their investment decisions. The
partition can be expressed as z; = (zt,wt(l), s wﬁN)), where z; denotes the states
that are exogenously determined by transition probability f,.(z:+1]2:), and w,fi) €
X® =1,..., X® is the component of the state-controlled or influenced by player
i. Let fﬁ%(wﬁﬂwt@, d) denote the probability that wﬁzl occurs at time ¢ + 1 when
player 7 chooses d at time ¢ given W, Many models in industrial organizations
exploit this specialized structure because it provides a flexible way for players to
interact while keeping the model simple enough to be empirically tractable.

Denote the state variables associated with all the players aside from ¢ as

w,g_i) = wt(l) X ... X w,gi_l) X w§i+l) X ... X wEN)

WO o ox WD s WD) o s (V)

m

<
)

1
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Under this specification, the reduced form transition generated by their equilib-
rium choice probabilities is defined as:

D _ ) . ]
15 @izt w70) = TTT Lm0 £ (e, )
Tt i#i k=0

In the context of our game-theoretic model, we can delineate the state tran-
sition dynamics for each player with greater clarity. For player i, the transition
matrix is denoted by f)(x,,|z;, d). This matrix encapsulates the probability that
player i will transition from their current state x; to a subsequent state x;,,, con-
tingent upon the decision d. The composition of this transition matrix is tripartite,

consisting of the following elements:

* The opponent’s strategy, represented by L_t’) (wt(;i)|zt, wt(i),w(_i)), which de-
scribes the likelihood of the opponent transitioning to a state wg? based on

the current joint state of the game.

* The stochastic process f.;(z:+1|2:) dictating the evolution of the game’s envi-

ronment from state z; to state z; .

¢ The player’s own strategy dynamics, given by ff,z)t(wt(fgl |z¢, d), which outlines

how player i’s own state is expected to progress.

Upon determining these components, we aggregate the elements to construct
the matrix Fff) for each possible decision d, where d ranges from 0 to D. Subse-
quently, for each player, we apply the methodology delineated in the preceding
section to compute the weight matrix.

A Proof

Proof of Proposition 1. See proof of Hotz and Miller (1993, Proposition 1). O

Proof of Proposition 3. We can write the product F(Pj as:

0 S
FoPg = VFSOVEVFENuH(ﬁ)V%— = Vi [0 80101] Vi.
0,11
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For p = 2, let’s define E = F(FoPz)*~' = UzSp V], with Sg = [0 0

0 0
Since S, has full rank, we have I — EE = V(I - [ ] )Vi.

0 S(—{m SO,Ol
Now, we can express AF® = F(F,FyPz) (I — E+E> as follows:

0 0
Lo Vi)
0 S0,0180,01

—_U- _SF,OOSO,OO S#005001| |0 Soo| |1 0 VI
oo 0 0 Sou| |0 T—S{uSom| T

AF® — (UpSpSUSOENull(F)VEI> <VF(I N

0 0

0 Sz g0 (So0r S (- samso,m))] vI
Since SF,OO has full rank, AF(2) =0if SO701SO711(I — 88:0180701) =0.
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