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1.1 Convexity

1.1.1 Cone
[ Definition 1.1.1 — Cone. A set K € R”, when x € K implies ax € K.

A non convex cone can be hyper-plane.

For convex cone x+y € K,Vx,y € K.

Cone don’t need to be "pointed". e.g.

Direct sums of cones C; +C, = {x = x] +x2|x1 € Cy,x2 € G }.

= Example 1.1 ST{X|X =X",A(x) > 0}
A matrix with positive eigenvalues. "

Operations preserving convexity

Intersection C N1 C;
Linear map Let A : R” — R” be a linear map. If C € R” is convex, so is A(C) = {AxVx € C}
Inverse image A~!(D) = {x € R|Ax € D}

Operations that induce convexity
Convex hull on § = N{C|S € C,Cisconvex}

» Example 1.2 Co{x;,xz, -+ ,xp} = {¥, oixi|ot € S, } .

For a convex setx € C = x =Y ox;.

Theorem 1.1.1 — Carathéodory’s theorem. If a point x € R? lies in the convex hull of a set
P, there is a subset P’ of P consisting of d + 1 or fewer points such that x lies in the convex hull of
P'. Equivalently, x lies in an r-simplex with vertices in P.
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1.2 Convex Functions

1.2.1

I Definition 1.2.1 — Convex function. Let C € R"” be convex, f : C — R is convex on f if
x,ye CxC. Vo€ (0,1), flox+ (1—a)y) < f(ax)+ f((1—a)y)

Definition 1.2.2 — Strictly Convex function. Let C € R” be convex, f : C — R is strictly convex
onfifx,ye CxC.Va e (0,1), flax+ (1 —a)y)(f(ax)+ f((1 —a)y)

Definition 1.2.3 — Strongly convex. f :C — R is strongly convex with modules u > 0 if
f— 3ul|-]]? is convex.

Interpretation: There is a convex quadratic ju/| - ||* that lower bounds f.

= Example 1.3 min,cc f(x) > min f(x) Useful to turn this into an unconstrained problem.

o elsewhere

- _{f(x) ifxeC

I Definition 1.2.4 A function f: R” — RUco IR is convex if x,y € R" x R", Vx,y, f(ax+ (1 —
a)y) < f(ox)+ f((1-a)y)

Definition 1 is equivalent to definition 2 if f(x) = oo.

= Example 1.4 f(x) = sup,, f;(x) -

Epigraph

I Definition 1.2.5 — Epigraph. For f: R" — R, its epigraph epi(f) € R"isthesetepi(f){ (x, 0)|f (x) €
o}

Next: a function is convex i.f.f. its epigraph is convex.

Definition 1.2.6 A function f: C — R,C € R" is convex if Vx,y € C, f(ax+ (1 —a)x) < af(x)+
(1—a)f(x) Vae(0,1).
Strict convex: x #y = f(ax+ (1 —a)x) < af(x)+ (1 —a)f(x)

p) Jfisconvex = —f is concave.

Level set: So.f = {x|f(x) < a}.
S f 1s convex < f is convex.

Definition 1.2.7 — Strongly convex. f:C — R is strongly convex with modules ut if Vx,y € C,
Vo€ (0,1), flax+(1—a)x) <af(x) + (1 —a)f(x) — gga(l —a)llx—y|*.

e fis 2nd-differentiable, f ix convex <= V2f(x))0.
e fisstrongly convex <= V2f(x))ul <= x>pu
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I Definition 1.2.8 — 2. f:R" — R is convexif x,y € R, € (0,1), f(ax+ (1 —a)x) < af(x) +
(1-a)f(x).

The effective domain of f is domf = {x|f(x)(+oo}

0 xeC

+oo  elsewhere
domé,.(x) =C .

= Example 1.5 — ludcator function. 6.(x) = {

| Definition 1.2.9 — Epigraph. The epigraph of f is epif = {(x,a@)|f(x) < o'}

The graph of epif is {(x, f(x)|x € domf}.

| Definition 1.2.10 — Ill. A function f : R” — R is convex if epif is convex.

Lemma 1.2.1 f:R" — Ris convex <= Vx,y € R", o € (0,1), f(ax+ (1 —a)x) < af(x)+ (1 —
a)f(x).

Proof. = take x,y € domf, (x,f(x)) € epif,(y, f(y)) € epif.
Because epif is convex, a(x, f(x))+ (1—o)(y, f(y)) €epif. ax+(1—oy),af(x)+(1—a)f(y) €
epif |

» Example 1.6 — Distance. Distance to a convexset d.(x) = inf.ec{||z— x||}. Take any two
sequence {yx tand{y} C C s.t. ||lyx — x|| = dc(x), |7k — %|| = de(%). 2% = ayr + (1 — @)y

de(ox+ (1 —a)X) < ||zx — ax— (1 — )|
= [la(ye —x) + (1 — o) (5x — %) |
< otflyx — [ + (1 = @) |3 — ]|

Take k — oo, d.(0x+ (1 —a)X) < ad(x) + (1 — a)d(%) .
» Example 1.7 — Eigenvalues. Let X € §" := {n x n symmetric matrix}. A;(x) > A,(X) > ...
A ().

Ji(x) = X1 Ai(x).

Equivalent characterization

v

Sfir(x) = max{ZviTXvi|vi Lvji#j}
i
= max{rr(VIXV|VTV =}

max{tr(VV’X)}by circularity

Note (A,B) =tr(A,B) is true for symmetric matrix.
(4,A) =A[; = LA} .
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1.3 Support Function

Take a set C € R", not necessarily convex.The support function is oc = R" — R. o¢(x) =

A

X a direction

A

Y{{xu)|ueC}.
Fact 1.3.1 The support function binds the supporting hyper-plane.

Supporting functions are

e Positively homogeneous
oc(ax) = aoc(x)Vor)0
oc(0x) = sup,cc(ox,u) = asup,c(x,u) = aoc(x)
e Sub-linear( a special case of convex, linear combination holds V.
Gc((xx—l- (1 - OC)y) - SupuGC<a'x+ (1 - (X)y, Lt> < asupu6C<x7 Lt> + (1 - a) SupuEC<y7 Lt>

= Example 1.8 — L2-norm. ||x|| = sup,c-{(x,u),u € R"}.
l|lx|l, = sup{(x,u),u € B,} where %—F% =1.B, = {|jx]|4 < 1}.
The norm is

Positive homogeneous

sub-linear

If 0 € C, oc¢ is non-negative.

If C is central-symmetric, 6¢(0) = 0 and o¢(x) = oc(—x)

Fact 1.3.2 — Epigraph of a support function is a cone. Epigraph of a support function
epio, = {(x,1)|o.(x) <t}. Take any o > 0, ot(x,1) = (oux, Qt).

o.(ox) = ao.(x) < ot.

= a(x,t) € epioc
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= epio, is a cone.

1.4 Operations Preserve Convexity of Functions

1. Positive affine transformation
S, f2, 5 fr € cvaR™,
f=afi+ofr+...+ ofi
2. Supremum of functions. Let { f; };es be arbitrary family of functions. If Jxsup ¢, f;(x) < oo <=

flx)= sup ey fj (x)

s 1,52}

3. Composition with linear map.
fecvR", A:R" — R™ is a linear map. foA(x) = f(Ax) € cvxR"
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foA(x) = f(A(ax+(1-a)y))
= f(Aox+ (1 — a)Ay)
< af(Ax) + (a—a)f(Ay)

Observation 1.4.1 — Special case: Cone generated by X C R. cone(x) = {ox|x € ch(x),a >
0} ={y eX,a eR:,y=0aTx}

= Example 1.9 — Finitely generated cone. X = {e},es,...,e,} where ¢; € R" is a basis vector.
Then cone(X) =R .

= Example 1.10 — Polyhedral cone. For linear map A, B, K = {x € R"|Ax < 0,Bx =0} .

Generalize notion of linear subspace, for example null(B) is special cone.

= Example 1.11 — Lineality space. Linear space of a convex set C, L, = {d|x+ ad € CVx €
C,Va}.

Lineality space of polyhedral cone(K) is Ly = null <[B}> K is pointed iff rank <2> =n.
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d perpendicular to a
L_H- = {a}"perp

Polar of a convex cone K, K = {y|(y,x) <0,Vx € K}
Polar cone and linear map
C C R” closed convex cone
A : R" — R"™ linear map
K=A"1(C) = {x|JAx € C}
K {z]z=ATy,y e C°}

= Example 1.12

C={0}
K = {x|Ax =0} = null(A)
K¢ ={zlz=ATy,y € R" = {0}} = range(A”)

= Example 1.13

C=R"={yly; <0}
K = {x|Ax <0}
K ={z]z=A"y,y > 0}

Take any x € K,z € K¢, (x,z) = (x,ATy) = (Ax,y) <0
I Definition 1.4.1 — Projection onto a closed convex set. P.(x) = argmin % lz—x|?

Claim 1.4.2 Projection onto C is unique.
Suppose y1,y2 € Pc(x), if y1 # ya, take yo = 5 (y1 +y2).
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Proof.

1 1
= Sy 4yalll* = gl =y1 +x=al®
1 1
= 5=yl + =32l = 5[y =2[1%)

1
<d—~|ly1 =y
2l =2l

Theorem 1.4.3 — Projection Theorem. y, = P.(x) & (x—y,,y—yx) <0 Vy€eC,
Suppose C is an affine manifold. (x —y,,y —y,) =0

Proposition 144 1. {xeR"x=P:(x)} =c
2. P.oP,. = P,.. (Idempotent)
3. (|P(x1) = Pe() |17 < (Pelx1), Pe(x2),x1,32)
(@) 0 < (Pe(x1) = Pe(x2),x1 — x2)
(b) Apply Cauchy to (3), [|Pe(x1) — Pe(x2)|| < [[Pe(x1) = Pox2) || - [[x1 — 2| = [|Pe(x1) —
Pe(x2)|| < [lx1 — x|
© If0eC = [P < x|

1.5 Notes on January 23rd

Projection onto convex set C € R" P;(x) = argmincc 5|z — x|

Theorem 1.5.1 — Projection Theorem. y, = P.(x) & (x —yy,y—yx) <0 Vy€eC,
Suppose C is an affine manifold. (x —y,,y —y,) =0

Projection onto convex closed set K € R™. y, = Px(x) &y, € K,x —y, € K, (x —y,yx) =0
= Example 1.14 Now any ?? K =R", yx = max{0,x; }.

{0 x>0
X—=Yx =
x x<0

Proof of 7?7 =
By PT,y, € P.(x) = (x—yn,y—yx) VyeC.BecauseycK,y=ay Vo> 0.

0> <ayx _yxax_yx>
(= 1)yx,x—yx)
(0= 1) {yx,x =)

o0—1<0= (yr,x—yx) =0
(%) implies < y,x —y, >< OVK |

Consequences
P(x)=0 <= x€K*
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1.6 Optimal Conditions for Unconstrained optimization 13

Px(ax) = aPx(x)Vo >0

1 1
P, = in—||z— = in— — P, =..777
k (0ux) = argmin o |z — ax|| = argmin ||z/ o — oux]| ecPy (o)
Proposition 1.5.2 The following are equal

I. x=x;+x; withx; € K,x; € K°, (x1,x2) =0
2. x1 = Py(x),x2 = Pxo(y)

Optimal Conditions for Unconstrained optimization
max,crn f(x) f:R" — R continuous on all R".

= Example 1.15 f(x) =¢*
The function is not coercive n

Theorem 1.6.1 — Weierstrass Extreme Value . Every continuous function on compact set
achieves its extreme value on that set.

p) Caution to apply on R, it’s closed but not compact.

Definition 1.6.1 — coercive. The function f : R” — R is coercive if for any sequence in {x*}R"
diverges = f({x*}) also diverges.

Theorem 1.6.2 — Coercivity and compactness. Let f: R” — R and all R. Then f is coercive
< S;||x|f(x) < al| are compact for each o € Z

Proof. Assume S, not bdd, 3{x*} € S, such that ||x*|| — . Since f is coercive, ||f(x})|| =~ B

Theorem 1.6.3 — Coercivity implies. let f: R” — R be continuous, If f is coercive, P has at
least one global solution

Proof. Coercivity implies S, is compact
Wierestrauss implies min{ f (x)|x € S;} has at least one minimizer.
argmin}ceR” f(x) ) {f(x)‘x € Sx} u

» Example 1.16 — Simple function not coersive. f(x) = 1||Ax—b||?
If A is not full rank, f is not continuous. Take x* € NULL(A), [|x¥|| — oo but f(x*) = J||b[|*. There’s
still global maxima even the function is not coercive. "

First Order Optimality Condition

Reduce to a one dimensional case. Take ¢ (&) = f(x+ od) for some x,d € R". Direction of deriva-
tive, f'(x,d) = limg_yo LEH*D=/™) When £ is differentiable, then f(x,d) = V£ (x)Td = ¢/(ct) If

o

f'(x,d) < 0, by continuity of £, 3& > 0 s.t. LW g yg e (0,a).
= f(x+ad) < f(x)Va € (0,a).
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Lemma 1.6.4 — 1st order optimality. Let fR” — R be a local solution to P. Then f’(x,d) >
0,Vdst f'(x,d)3

Theorem 1.6.5 Let f differentiable at X €. If X is a local min. Vf(x) =0

Proof. 0< f'(%,d) = Vf(¥)Tdvd.
Take d = —Vf(X)
0<Vf(E)'d=-VfER)VIR). VIR <0=[[VF(H) =0 u
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